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Abstract. We present a modified fuzzy c-medoid algorithm to find cen-
tral objects in graphs. Initial cluster centres are determined by graph
centrality measures. Cluster centres are fine-tuned by minimizing fuzzy-
weighted geodesic distances calculated by Dijkstra’s algorithm. Cluster
validity indices show significant improvement against fuzzy c-medoid
clustering.

1 Introduction

Cluster is a group of objects that are more similar to one another than to mem-
bers of other clusters. The term ”similarity” should be understood as mathemat-
ical similarity, measured in some well-defined sense. In metric spaces, similarity
is often defined by means of a distance norm. In order to develop a special algo-
rithm for graph clustering we developed a novel geodesic distance based fuzzy
clustering algorithm where the geodesic distances are defined by the application
of Dijskra algorithm on a weighed graph used to represent the high dimensional
data. In graph theory, the distance between two vertices in a weighted graph
is the sum of weights of edges in a shortest path connecting them. This is an
approximation of the geodesic distance that can be measured on the real man-
ifold the (noiseless) data lie on. The proposed approach is able to handle data
that lie on a low dimensional manifold of a high dimensional feature space since
clustering uses a distance measure which reflects the true embedded manifold.

Classical fuzzy c-means clustering uses some variant of Euclidean measure to
compute distances between cluster members and the center. The application of
geodesic distances can improve the usability of these methods, since this mea-
sure gives a better approximation of real life distances. Recent research validates
this distance’s applicability like Wu et al. in [8] where large sparse graphs are
approximated using geodesic distance based clustering. Nice clustering results
are presented by Kim et al. in [9] where a fuzzy-like solution is presented us-
ing soft geodesic kernels, while Asgharbeygi and Maleki [10] approximates the
geodesic distances from the virtual cluster centers by the law of large numbers.
Application for image segmentation can be found in [11,12], Economou et al. use
Minimal Spanning Tree algorithm to estimate geodesic distances and the image
is presented by an undirected graph. Galluccio et al. in [13] use their algorithm
for segmentation of maps, and their main contribution is the initialization of
the k-means algorithm, i.e. the proper determination of k, which is done by the
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identification os valleys in the 2D projection of total traveling distances in Prim’s
MST algorithm. Their algorithm is further improved in [12] where large data are
handled. Also initialization play the central role in Ren’s approach [14], where
Kruskal algorithm is used for generating the MST to improve the initial cluster
centers.

The main idea and our main contribution of this article is to develop a proce-
dure to reveal hidden, complex structure of high dimensional data, where data is
stored using a much simpler graph format, and distances are defined as geodesic
distances between vertices. The presented new algorithm is based on the concept
of fuzzy c-medoid algorithm, but uses centrality measures to identify highly cen-
tral cluster centers, operates on a weighted undirected graph and by the usage
of geodesic distances it is free of c-medoid’s shortcomings, the spherical shape of
discovered clusters. Our approach also supports initialization, like identification
of most central k points as initial cluster centers.

2 Geodesic Distance Based Fuzzy c-medoid Clustering
and Its Initialization Based on Graph Centrality
Measures

2.1 A Novel Fuzzy c-medoid Based Clustering Algorithm

The proposed method is built on the fuzzy version of the classical hard k-medoid
algorithm (c-medoid method) [15]. However, as a first step, a knn-graph is gen-
erated, using k as parameter. Then potential cluster centers are identified using
several centrality measures as the most centralM points. Distances are measured
by the geodesics and calculated by Dijkstra algorithm for each pair of points on
the graph. The objective function is almost the same as in fuzzy c-means, but
c-medoid accepts measured data points as cluster centers (and not calculated
means like in c-means). To find the minimum of the cost function, several meth-
ods can be used. The proposed algorithm works well with data sets in different
size as we will see in the next section.

1. If data is given by single points, generate knn-graph with parameter k.
2. Calculate centrality values for all data points using one of the centrality

measures (degree, betweenness, closeness, eigenvector), and sort the data
points according to these centrality values.

3. Select the firstM data points as potential cluster centers. This set is denoted
by cM .

4. Calculate the geodesic distances between each potential cluster center and
all data points, using Dijkstra algorithm on the knn-graph.

5. Use fuzzy c-medoid algorithm:

(a) Arbitrarily choose c objects as the initial medoids from the M potential
cluster centers.

(b) Use the calculated geodesic distances (Step 4) to determine how far the
data points are from the medoids.
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(c) Calculate fuzzy membership degrees as usual by fuzzy partitional clus-
tering methods:

μi,j =
1

∑c
k=1

( ‖xi−cj)‖
‖xi−ck)‖

) 2
(m−1)

, 1 ≤ i ≤ N, 1 ≤ j ≤ c. (1)

(d) Calculate the objective function terms
N∑

i=1

(μi,j)
m‖xi − cj‖2, ∀i using

the determined membership degrees, for all xk as potential medoids,
and choose the data points as new medoids that minimize the objective
function.

ck =

{

xj |xj ∈ cM , j = arg min
j

N∑

i=1

(μi,j)
m‖xi − cj‖2

}

(2)

(e) If there are any changes, jump to Step 5(b).

This method can handle large data sets because in Step 5(d), only the set
of potential cluster centers are used for objective function calculation. In the
following, we will present some cluster validity indices which were used for the
evaluation of the method.

2.2 Creating a Graph of High Dimensional Data

The suggested method requires a graph structure defined over the data to be
analyzed. This network can be given a priori in accordance with the real relation-
ship between the objects (for example cities and the roads connecting them), or
it can be defined artificially between them. In the second case there are several
possibilities to build up a network among the data. For example we can connect
the neighboring objects together, or we can build up the topology representing
network [16] of the data as well.

There are two basic approaches to connect neighboring objects together: ε-
neighboring and k-neighboring. In case of ε-neighboring approach two objects xi

and xj are connected by an edge if they are lying in an ε radius environment.
The main drawback of this approach is that it does not take the density of
the objects into account. If the cloud of the objects contains dense regions and
sparse regions too, it is toughish to find a proper value for the parameter ε. In
the case of the k-neighboring approach, two objects are connected to each other
if one of them is in among the k-nearest neighbors of the other, where k is the
number of the neighbors to be taken into account. The distance of the objects
can be measured in different ways, usually the Euclidean distance is used for
this purpose. This method results in the k nearest neighbor graph (knn-graph).

In case of large data sets there is a need to reduce the computational cost.
In these cases it is a good choice to apply a vector quantization method on the
data, than cluster this reduced data set, and finally project the clustering result
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to the whole data set (e.g. by applying a k-means algorithm). The Topology
Representing Network (TRN) algorithm [16] is one of best known neural net-
work based vector quantization method. It not only quantizes the objects, but
also creates the networks of the quantized elements. For this purpose the TRN
algorithm distributes representative elements (quantized data points) between
the objects by the neural gas algorithm [17], and it creates a network among
them by applying the competitive Hebbian rule [18]. As result a graph is given
which is a compressed form of the structure of the whole data set.

2.3 Centrality Measures of the Objects

As we have mentioned before, the choice of cluster prototypes significantly influ-
ences the clustering result. k-means and k-medoid methods require initial cluster
centers as input parameters. The main problem of these methods is that they
are sensitive to the selection of the initial centers and may converge to a lo-
cal minimum of the error function if the initial cluster centers are not properly
chosen.

In general clusters are determined based on the distances of the objects or
objects and prototypes. To be able to unfold the lower dimensional manifolds
embedded nonlinearly in the higher dimensional vector space the utilization of
geodesic distance is good choice. To calculate the geodesic distances we have to
define a network on the objects (see Section 2.2). When this network is defined
central nodes of this graph can be used as initial cluster clusters.

The term centrality expresses the importance of the node in the graph.
Importance can be defined in several way so there are several types of mea-
sures to express the degree of centrality of a node within a graph. The most
widely used centrality measures are: degree centrality, betweenness, closeness
and eigenvector centrality. All four measures are based on the structure of the
graph and they calculate the measure of the centrality by taking into account
the relationships of the objects.

The simplest centrality measure is the degree centrality. The degree of a node
means the number of the edges connecting to that node. If the graph to be an-
alyzed is a directed graph, we can talk about indegree centrality and outdegree
centrality as well. Indegree centrality expresses how many directed edges are in-
cident on a node, and outdegree centrality represents how many directed edges
originate at that node. The centrality measure degree is based on that assump-
tion, that significant vertices in the graph have many connections. Formally, the
degree of a node vi can be expressed as follows:

CD(vi) = deg(vi) (3)

where deg(vi) yields the degree of the node vi. In this from the degree centrality
just counts the number of the edges of a vertex. The measure becomes more
informative if we normalize it. The normalization of the degree centrality can
be made by dividing the value given by the Equation 3 by the maximum number
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of possible edges, which is N − 1, where N is the number of the vertices, or we
can use the Freeman’s general formula as well as follows:

CDnorm(vi) =

∑N
i=1 [CD(v∗)− CD(vi)]

[(N − 1)(N − 2)]
(4)

where CD(v∗) yields the maximum value of the degree centrality in the network.
The main disadvantage of the degree locality, that it is a purely local measure.

The centrality measure betweenness [19] takes not only the local environment
of the nodes into account, but it considers the whole graph, and it is calculated
based on the shortest paths between all possible pairs of vertices. The measure
betweenness of a node expresses the number of shortest paths from all vertices to
all others that pass through that node. In this approach central nodes establish
bridges between the other vertices. Formally, the betweenness can be calculated
as:

CB(vi) =
∑

j<k

gjk(vi)/gjk (5)

where gjk is the total number of shortest paths from node vj to node vk and
gjk(vi) is the number of those paths that pass through vi. This measure is usually
normalized as well. If the graph is undirected we can calculate the normalized
values as follows:

CBnorm(vi) =
CB(vi)

[(N − 1)(N − 2)/2]
(6)

If the graph is directed the division is done by (N − 1)(N − 2).
The third centrality measure (closeness) is based on the distance of the ver-

tices. Closeness [20] expresses how far the nodes are to the other nodes. In this
approach the more central the node is, the more close is the node to the other
nodes. A node closeness is the the inverse of the sum of its distances to all other
nodes. If the graph is weighted the distance is calculated as the sum of the
weights along the shortest paths, and if the graph is unweighted it is the number
of the hops between the nodes. Therefore the closeness of a node is calculated
as follows:

CC(vi) =

⎡

⎣
N∑

j

d(vi, vj)

⎤

⎦

−1

(7)

where d(vi, vj) yields the geodesic distance of objects vi and vj . The normalized
version of this centrality measure is:

CCnorm(vi) =
CC(vi)

N − 1
(8)

The eigenvector centrality is a more complex centrality measures. It takes not
only the structure of the network into account, but the centrality measures of
other nodes, too. In this approach the centrality of a node depends on how central
its neighbors are. The assumption is that each node’s centrality is the weighted
sum of the centrality values of the nodes that it is connected to. The weighting
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factors are arising from the weight of the edges connecting the neighborhood
nodes. More precisely, the eigenvector centrality of a node vi can be determined
as:

CE(vi) =
∑

j∈M(vi)

(wji ∗ CE(vj)) (9)

where wji is the weight of the edge connecting nodes vi and vj . If the graph
is unweighted, wji is constant (λ) in all cases. Let G = (E, V ) to be analyzed,
and A = (ai,j) the adjacency matrix of the graph G, where ai,j = 1 if vi and
vj are connected, otherwise ai,j = 0. In this form the values of the eigenvector
centralities (x) can be calculated as follows:

xi =
1

λ

∑

j∈G

(aji ∗ xj) (10)

This formula can be rewritten as eigenvector equation as:

Ax = λx (11)

Multiplying the adjacency matrix by the vector x again and again each node
”pick up” the centrality values of each vertex to which the first vertex is con-
nected and the centrality measures spread across the edges of the graph. This
process might eventually reach an equilibrium where the amount coming into a
given vertex at each node would remain stable. As result the elements of this
vector x are the eigenvector centralities of the vertices of the graph.

Since the k-nn graph is used to represent the data, the degree centrality mea-
sure cannot be used as all nodes have the same degree. According the to the type
of the problem the betweenness and the eigenvector centrality measures should
be the more informative. This hypothesis will be also tested in the experimental
evaluation of the algorithm.

3 Experimental Results

In this section two examples are shown to present the efficiency of the proposed
algorithm. A 3 dimensional synthetic data set to illustrate the distribution of
the representative elements and the ”wine” data set, which defines a well-known
clustering problem.

For comparison, the classical fuzzy c-means algorithm is also applied on these
data sets. The reason for using fuzzy c-means algorithm is twosome: on the one
hand, it will be shown that this algorithm fails if the data lie on a manifold; on
the other hand, we have calculated cluster validity indices for this method as
well and we have compared these values with cluster validity indices calculated
based on the results of geodesic distance and centrality based fuzzy c-medoid
clustering.
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3.1 Clstering an S-curve

The S-curve data set is a well known and often used data set in manifold explo-
ration. Objects presented by data points lie in the 3 dimensional vector space,
but they form a 2 dimensional nonlinear embedded manifold as can be seen in
Figure 1. In our example the S-curve data set contains 2000 data points.

There were two algorithms applied on this data set: the fuzzy c-means al-
gorithm and our suggested method presented in section 2.1. In both cases we
have tried to find 8 representative data points in the feature space to charac-
terize this data set. Result of the geodesic distance and centrality based fuzzy
c-medoid clustering can be seen in Figure 1. Figure 1 shows the original data
set and the representative elements (cluster centers) marked with diamonds. To
demonstrate how the cluster centers ”cover” the whole embedded manifold we
have applied Isomap mapping to visualize our result in a 2 dimensional vector
space (Figure 2). If the classical fuzzy c-means is applied with the same param-
eters, the algorithm will fail to explore the hidden structure of the data. Results
of the fuzzy c-means algorithm is seen in Figure 3, and it can be determined
that the centers do not lie on the manifold.

Fig. 1. S-curve data set (dots) and the representative elements (diamonds) determined
by the geodesic distance and centrality based fuzzy c-medoid algorithm

3.2 Wine Data Set

The Wine data, which is available from the University of California, Irvine,
via anonymous ftp ftp.ics.uci.edu/pub/machine-learning-databases, contains the
chemical analysis of 178 wines grown in the same region in Italy but derived
from three different cultivars. The problem is to distinguish the three differ-
ent types based on 13 continuous attributes derived from chemical analysis:
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Fig. 2. 2 dimensional Isomap projection of the S-curve data set and the representative
elements determined by the geodesic distance and centrality based fuzzy c-medoid
algorithm

Fig. 3. The S-curve data set and cluster centers of the fuzzy c-means clustering in the
feature space

Alcohol, Malic acid, Ash, Alcalinity of ash, Magnesium, Total phenols, Fla-
vanoids, Not-flavanoids phenols, Proanthocyaninsm, Color intensity, Hue,
OD280/OD315 of dilluted wines and Proline (Figure 4).

In the following, the number of clusters is three because of the number of
the real classes, and the number of neighbors for the neighborhood graph is 8.
By this number of neighbors, there is only one component in the neighborhood
graph. It is interesting that with 2 neighbors three components were given, but
these components do not cover the original classes (the misclassification rate is
about 60%). It shows the complexity of this problem as well.

Table 1 shows the values of the validity indices by the wine data set. As
above, the recalculated and the original values by FCM show that there may
be a certain structure in the data set. However, the validity indices can not
show unambiguously which clustering result is the best, since the calculation of
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Fig. 4. Wine data set

distances are different, Euclidean distances are used for FCM, while GCM uses
geodesic distances. This is why we presented ”accuracy” in the last row, which
indicates the proportion of correctly clustered data items, i.e. items belonging
to the real clusters after applying our clustering method. It can be seen that our
algorithm outperforms FCM by 4 percent, i.e. misclassification rate is 4 percent
lower.

Table 1. Validity indices for wine data set (FCM: validity indices resulted by classi-
cal FCM; GCM: validity indices resulted by our novel algorithm named Geodesic-C-
Medoid) and the accuracy of clustering, i.e. the proportion of correctly clustered data
points

Validity Index FCM GCM

PC 0.33 0.58

CE 1.09 0.28

PI 0.22 0.06

XB 93.24 0.07

Accuracy 69.66% 73.03%

4 Conclusion

We developed an algorithm for mining central objects in graphs and high di-
mensional data. The modified fuzzy c-medoid clustering algorithm uses geodesic
distance measure and selects potential cluster centres among the set of most
central objects. Our method doesn’t suffer from high computational expenses,
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since only the set of potential cluster centres are used for objective function
calculation. We tested the method using several benchmark problems. The al-
gorithm was capable to explore the hidden structure in the S-Curve Data and
the Wine Data sets. We achieved better results applying four different cluster
validity indices than the classic Fuzzy C-Means algorithm. The FCM’s accu-
racy was also over-performed by four percent. Our detailed evaluation of the
applied initialization using different centrality measures showed unequivocally
its necessity. Choosing the centrality measure properly, we proposed a very sim-
ple but powerful initial clustering, improving the convergence of the algorithm
substantially.
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