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Abstract

Clustering high dimensional data and identifying central nodes in a graph are complex and computationally expensive tasks. 
We utilize k-nn graph of high dimensional data as efficient representation of the hidden structure of the clustering problem. Initial 
cluster centers are determined by graph centrality measures. Cluster centers are fine-tuned by minimizing fuzzy-weighted geodesic 
distances. The shortest-path based representation is parallel to the concept of transitive closure. Therefore, our algorithm is capable 
to cluster networks or even more complex and abstract objects based on their partially known pairwise similarities.

The algorithm is proven to be effective to identify senior researchers in a co-author network, central cities in topographical data, 
and clusters of documents represented by high dimensional feature vectors.
© 2015 Elsevier B.V. All rights reserved.
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1. Introduction

Cluster is a group of objects that are more similar to one another than to members of other clusters. In metric 
spaces, similarity is often defined by means of a distance norm. Distance can be measured among the data vectors 
themselves, or as a distance from a prototypical object of the cluster. In case of high-dimensional data, classical 
Euclidean distance-based methods like k-means, fuzzy c-means or fuzzy c-medoid do not perform well and it is 
difficult to design and validate cluster prototypes, that are able to represent the distribution of the data. One approach 
to handle this problem is to assume, that the data of interest lie on an embedded non-linear manifold within the 
higher-dimensional space.

In brief, our main idea is to reveal the hidden, complex structure of high dimensional data by constructing and 
clustering the k-nn graph of the data. Our concept can be seen in Fig. 1. Shortest path distances among the objects 
(nodes) can be considered as the approximation of geodesic distances defined on the low dimensional manifold within 
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Fig. 1. Block scheme describing the stages of the proposed method.

the higher-dimensional space. Centrality measures of the nodes of the weighted undirected k-nn graph can be used to 
initialize the cluster centers. The classical fuzzy c-medoid algorithm is able to find clusters using the obtained initial 
values and distance matrix. The clustered graph (distance matrix) is visualized by a distance-preserving mapping to 
give more insight to the problem.

It should be noted, that the proposed shortest-path based approach is parallel to the concept of transitive closure. 
Therefore, our algorithm is capable to cluster networks or even more complex and abstract objects based their on 
partially known pairwise similarities.

The rest of the paper is organized as follows. In the next section, we give a short review of the most relevant 
literature. We present the algorithm in Section 3.1. The details of the graph construction are given in Section 3.2. 
Section 3.3 clarifies the connection between geodesic distances and transitive similarities. In Section 3.4 we discuss 
the most important aspects of the utilized centrality measures, while the details are given in Appendix A. Appendix B
presents some cluster validity indices used to prove that it is worth using the proposed techniques. Section 4 demon-
strates that the proposed approach works well on benchmark data sets and high dimensional problems, like document 
clustering. Comparison with other graph-based clustering techniques and two real-life examples are also presented. 
Section 5 concludes our work.

2. Literature review

Clustering is a very important research topic in machine learning and data mining. The classical k-means algorithm 
is capable to solve most of the practical segmentation problems [1]. Although k-means is an almost fifty years old 
method, the existence of its several variants, like the k-medoid [2] or the fuzzy c-means [3] algorithm prove the high 
relevance of this approach. Cluster prototypes may be vectors of the same dimension as the data objects, but they 
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can also be defined as “higher-level” geometrical objects, such as linear or nonlinear subspaces or functions. Often a 
priori information should be used to choose the proper prototype. When spherical clusters needed, the classical fuzzy 
c-means algorithm is a good choice [3]. When the data is more complex, the Gustafson–Kessel algorithm can be used 
to discover ellipsoids with the same size [4]. A more sophisticated method is Gath–Geva clustering which is able to 
reveal ellipsoids with different sizes based on an exponential distance norm [5]. If it is known that the data lies on 
or close to a lower dimensional (linear) subspace of the feature space, fuzzy c-lines or c-regression approaches can 
be applied. These methods measure the similarity of data or data and cluster prototypes using linear models. Other 
algorithms use more complex cluster prototypes and/or distance measures to identify locally linear fuzzy models 
directly [6] or segment a high dimensional time-series using Probabilistic Principal Component models [7].

Classical fuzzy c-means clustering uses some variant of Euclidean measure to compute distances between cluster 
members and the center. The application of geodesic distances can improve the usability of these methods, since this 
measure gives a better approximation of real life distances. Recent research validates this distance’s applicability like 
Wu et al. in [8], where large sparse graphs are approximated using geodesic distance based clustering.

Nowadays, there is an increasingly growing trend in using random graph clustering algorithms. Random-walk 
based clustering algorithms are very effective in many areas, for example in image segmentation [9]. Very promising 
local clustering approaches can be found in [10,11], where multiple agents are used to traverse a graph, and find a 
strongly connected component. The drawbacks of these algorithm from our perspective is the locality, e.g. we want to 
find a global clustering, where each point belongs to a cluster, i.e. we need a partitioning. Furthermore, the membership 
value for all objects, or the similarity measure between data points present useful and important information for further 
development.

Nice clustering results are presented by Kim et al. in [12], where a fuzzy-like solution is presented using soft 
geodesic kernels, while Asgharbeygi and Maleki [13] approximate the geodesic distances from the virtual cluster 
centers by the law of large numbers. Application for image segmentation can be found in [14,15], Economou et al. use 
Minimal Spanning Tree algorithm to estimate geodesic distances and the image is presented by an undirected graph. 
Galluccio et al. in [16] use their algorithm for segmentation of maps, and their main contribution is the initialization 
of the k-means algorithm, i.e. the proper determination of k, which is done by the identification of valleys in the 2D 
projection of total traveling distances in Prim’s MST algorithm. Their algorithm is further improved in [15], where 
large data are handled. Initialization plays the central role in Ren’s approach [17] also, where Kruskal algorithm is 
used for generating the MST to improve the initial cluster centers.

In data mining, a huge part of the analyzed data is relational, that means only dissimilarities between pairs of ob-
jects can be measured. Algorithms that generate partitions of relational data are usually called as relational clustering 
methods. There are several well-known relational clustering algorithms in the literature, like the SAHN (Sequential 
Agglomerative Hierarchical Non-overlapping) model [18], one of the most popular bottom-up approach, which gen-
erates crisp clusters by merging the closest two clusters in each step. Other highly cited methods can be found in 
[19,20], which are quite similar to the k-means approach, they search for k representative objects by minimizing the 
sum of the within cluster dissimilarities. Several algorithms are based on the concept of Hathaway and Bezdek’s Re-
lational Fuzzy c-Means (RFCM) [21] like FANNY [19] or NERFCM [22]. Here, clusters are not well defined and in 
many cases, results are much better than in crisp methods. The Fuzzy c-Medoids (FCMdd) algorithm [23] contrary to 
RFCM uses real objects for cluster centers. This algorithm outperforms the RFCM method in terms of running speed 
and accuracy as well. Therefore, as we will see in the next sections, we utilize the FCMdd for clustering of a distance 
/ similarity matrix obtained by our novel methodology.

3. Geodesic distance based fuzzy c-medoid clustering and its initialization based on graph centrality measures

As it is shown in Fig. 1, the key idea of the proposed algorithm is that the shortest path distances of the k-nn graph 
can be considered as geodesic distances on the low dimensional manifold of the high-dimensional feature space. In 
this section, we detail how the fuzzy c-medoid algorithm is able to find clusters using this distance matrix, how the 
k-nn graph should be formed and how the clusters can be initialized based on graph centrality measures.
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Algorithm 1 Pseudo code of the proposed Geodesic Distance based Fuzzy c-Medoid Clustering algorithm (GDFCM).
1: procedure GDFCM ALGORITHM(data, k, M , c)
2: if data is given by single points then
3: generate k-nn graph with parameter k
4: end if
5: for all di ∈ data do
6: C(i) = centrality measure of di

7: end for
8: sC = sort(data) by centrality measures C
9: cM = sC(1..M)

10: for all (di , pcj ), di ∈ data, pcj ∈ cM do
11: G(i, j) = geodesic_distance(di , pcj ) by Dijkstra or Floyd method
12: end for
13: Let cC be the c arbitrarily chosen objects from cM

14: while there is no changes in medoids cC do
15: Calculate fuzzy membership degrees as usual:

μi,j = 1

∑c
k=1

(
G(i,j)
G(i,k)

) 2
(m−1)

, 1 ≤ i ≤ N, 1 ≤ j ≤ c. (1)

16: Calculate new medoids:

cC =
⎧⎨
⎩xj |xj ∈ cM, j = arg min

j

N∑
i=1

(μi,j )mG(i, j)2

⎫⎬
⎭ (2)

17: end while
18: end procedure

3.1. A novel fuzzy c-medoid based clustering algorithm

The main steps of the algorithm are shown in Algorithm 2. The potential cluster centers are identified among the 
most central M nodes of the k-nn graph. Selection of M as M ∈ [5c, 10c] is an appropriate choice (see Section 4.3 for 
an example). Cluster validity measures can be used to assess the goodness of the resulted partitions and to estimate 
the correct number of clusters, c [24].

The G(i, j) distances are calculated by the Floyd algorithm. The objective function is identical as in fuzzy c-means, 
but c-medoid accepts data vectors as cluster centers (and not weighted means like in c-means). This method can handle 
large data sets because in line 2 in Algorithm 2, only the set of potential cluster centers are used for objective function 
calculation.

3.2. Creating a graph of high dimensional data

Our algorithm requires a graph defined over the data to be analyzed. This graph can be given in accordance with 
the relationship between the objects (for example cities and the roads connecting them), or it can be defined based 
on the distribution of the data vectors. In the second case, there are several possibilities to build up a network among 
the data. For example we can connect the neighboring objects together, or we can build up the topology representing 
network of the data as well [25].

There are two basic approaches to connect neighboring objects together: ε-neighboring and k-neighboring. In 
case of ε-neighboring approach, two objects xi and xj are connected by an edge, if they are lying in an ε radius 
environment. The main drawback of this approach is that it does not take the density of the objects into account. If 
the cloud of the objects contains dense regions and sparse regions too, it is toughish to find a proper value for the 
parameter ε. In the case of the k-neighboring approach, two objects are connected to each other, if one of them is 
among the k-nearest neighbors of the other, where k is the number of the neighbors to be taken into account. The 
distance of the objects can be measured in different ways, usually the Euclidean distance is used for this purpose. This 
method results in the k nearest neighbor graph (k-nn graph).
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In case of large data sets, there is a need to reduce the computational cost. In these cases, it is a good choice to apply 
a vector quantization method on the data, then cluster this reduced data set, and finally project the clustering result 
to the whole data set (e.g. by applying a k-means algorithm). The Topology Representing Network (TRN) algorithm 
[25] is one of best known neural network based vector quantization method. It not only quantizes the objects, but 
also creates the networks of the quantized elements. For this purpose, the TRN algorithm distributes representative 
elements (quantized data points) between the objects by the neural gas algorithm [26], and it creates a network among 
them by applying the competitive Hebbian rule [27]. The result is a graph, which is a compressed form of the structure 
of the whole data set.

3.3. Generating distance / similarity matrix

As we discussed in the introduction, the resulted k-nn graph is not suitable for clustering purposes, since it does not 
define direct links (distances or similarities) between each pair of objects. Therefore, we use additional techniques to 
generate a full distance / similarity matrix. As we will see in the following, we compute geodesic distances between 
the objects, which are defined by the shortest path on the graph. If we use the well-known Dijkstra or the more 
powerful Floyd algorithm for this, and use similarity measures, the method will give the same result as the transitive 
fuzzy similarity closure technique.

So we have a set of objects oi, i = i . . .N , which are placed in the nodes of a graph. The similarities (distances) 
of each pair are defined by sim(oi, oj ), which can form a k-nn graph, or can be defined by the MST of the high-
dimensional data, or it can simply happen that not all the similarities (distances) can directly evaluated. Formally,

S = [
si,j

]
,D = [

di,j

]

where S represents the similarity matrix, while D is the distance matrix, both are parse, not complete matrices. To 
compute the missing similarities, we calculate the transitive similarities, while for distances, we generate geodesic 
distances.

Se
i,j =

⎧⎨
⎩

0 if there is no path between oi and oj

Si,j if oi and oj are neighbors∏
k∈pi,j

Sk,k+1 where pi,j is the shortest path between oi and oj

De
i,j =

⎧⎨
⎩

∞ if there is no path between oi and oj

Di,j if oi and oj are neighbors∑
k∈pi,j

Dk,k+1 where pi,j is the shortest path between oi and oj

To compute the shortest path between the pairs, we can use the well-known algorithms like Dijkstra’s method, 
or more powerful ones like the Floyd–Warshall algorithm (O(N3)) or Johnson’s method (O(N2lg(N) + NE)). The 
direct relation between geodesic distance and transitive similarity closure can be seen in the calculation above, since 
the only difference is that in similarity calculation, the min operator is used, while during the calculation of distances, 
the max operator is suitable. Using this methodology, according to the characteristics of the data, similarities and 
distances can also be used in the clustering method.

3.4. Initialization, centrality measures

Fuzzy c-means, and c-medoid algorithms are sensitive to the selection of the initial centers. When the network of 
the data is defined, its central nodes can be used as initial cluster centers.

Centrality expresses the importance of the node in the graph. Importance can be defined in several ways, so there are 
several types of measures to express the degree of centrality of a node within a graph. The most widely used centrality 
measures are: degree centrality, betweenness, closeness and eigenvector centrality. All four measures are based on the 
structure of the graph, and they calculate the measure of the centrality by taking into account the relationships of the 
objects.

The simplest centrality measure is the degree centrality. The degree of a node means the number of edges connect-
ing to that node, so this centrality measure is based on the assumption, that significant vertices in the graph have many 
connections.
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The betweenness [28] eliminates the main disadvantage of degree centrality, namely its pure locality. Betweenness 
takes not only the local environment of the nodes into account, but it considers the whole graph, and it is calculated 
based on the shortest paths between all possible pairs of vertices.

Closeness [29] is based on the distance of the vertices and expresses how far the nodes are to other nodes.
Finally, the eigenvector centrality as a more complex centrality measure takes not only the local structure of the 

network into account, but also the centrality measures of other nodes, too.
Detailed description of used centrality measures is presented in Appendix A.
Since the k-nn graph is used to represent the data, the degree centrality measure cannot be used (all nodes have the 

same degree). According to the type of the problem, the betweenness and the eigenvector centrality measures should 
be the more informative. This hypothesis will be also tested in the experimental evaluation of the algorithm.

3.5. Complexity analysis

Although graph-based techniques are powerful in many contexts, they necessitate complex computations, consist-
ing different techniques, like distance / similarity matrix creation, graph traversing or centrality measure computation. 
Therefore, they can be “expensive” in terms of computation, thus we give a formal analysis of the computation com-
plexity here.

• The brute-force method to compute the exact k-nn graph takes �(dN2) time for N data points in the d-dimensional
Euclidean space [30].

• Computation of distance or similarity matrix takes at most O(N3) times, since the most complex operation is the 
searching of shortest paths between each pair of objects (please check Section 3.3).
– Floyd–Warshall algorithm: O(N3)

– Johnson’s method: O(N2lg(N) + NE)

• Computation of centrality measures takes at most O(N3) time [31]:
– Degree: O(N)

– Betweenness: O(N ∗ E)

– Closeness: O(N3)

– Eigenvector: O(N3)

• Clustering takes at most O(N2) time, based on the applied method:
– The direct k-means algorithm has a time complexity O(Ndkt), where t is the number of iterations, d is the 

number of dimensions [32]
– The worst case complexity of FCMdd is O(N2), and it can be reduced further in practice [23]

Summarizing, the total computation time of our approach does not exceed O(N3).

4. Experimental results

In this section examples are given to present the applicability, parameter sensitivity, and efficiency of the proposed 
algorithm. Six different data sets are used: a three-dimensional synthetic data set to illustrate how a lower dimensional 
manifold can be clustered; “wine” and “iris” data sets as well-known clustering problems; the co-authors data set, 
which presents a real-life network; a geographical data set, in which a real life logistical problem is defined and 
solved; and finally, a document clustering problem’s data set, to illustrate how high dimensional data can be handled.

For comparison, the classical fuzzy c-means algorithm is also applied on the first two data sets. The reason for using 
fuzzy c-means is twosome: on the one hand, it will be shown that this algorithm fails if the data lie on a manifold; on 
the other hand, we have calculated cluster validity indices for this method as well, and we have compared these values 
with the results based on our geodesic distance and centrality based fuzzy c-medoid clustering. The performance 
on graph clustering tasks is evaluated through the comparison of the results obtained on co-authors dataset. The 
algorithm has also been compared to a graph-based Hybrid Minimal Spanning Tree – Gath–Geva algorithm (Hybrid 
MST-GG [33]).
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Fig. 2. Results of geodesic distance and centrality based fuzzy c-medoid and fuzzy c-means clustering algorithms on the S-curve data set.

4.1. Representation of manifolds – performance on S-curve, Wine and Iris data

The S-curve data set is a well-known and often used data set in manifold exploration. Objects presented by data 
points lie in the three-dimensional vector space, but they form a two-dimensional nonlinear embedded manifold as can 
be seen in Fig. 2. In our example, the S-curve data set contains 2000 data points. We have tried to find eight represen-
tative data points in the feature space to characterize this data set. Result of the geodesic distance and fuzzy c-medoid 
clustering can be seen in Fig. 2. Fig. 2(a) shows the original data set and the found representative elements (cluster 
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Fig. 3. Wine data set.

Table 1
Validity indices for wine data set (FCM: validity indices resulted by classical FCM; 
GDFCM: validity indices resulted by our novel algorithm) and the accuracy of cluster-
ing, i.e. the proportion of correctly clustered data points.

Validity Index FCM GDFCM

PC 0.33 0.58
CE 1.09 0.28
PI 0.22 0.06
XB 93.24 0.07

Accuracy 69.66% 73.03%

centers) marked with diamonds. To demonstrate how uniformly the cluster centers “cover” the whole embedded man-
ifold, we have applied Isomap mapping to visualize our result in a two-dimensional vector space (Fig. 2(b)). If the 
classical fuzzy c-means is applied with the same parameters, the algorithm will fail to explore the hidden structure of 
the data. Results of the fuzzy c-means algorithm can be seen in Fig. 2(c), and it can be determined that the centers do 
not lie on the manifold.

This example clearly demonstrates the benefits of the application of geodesic distances, contrary to fuzzy c-means, 
the proposed algorithm was able to identify cluster centers that are uniformly distributed in a manifold.

The Wine data, which is available from the University of California, Irvine, via anonymous ftp (ftp.ics.uci.edu/pub/
machine-learning-databases), contains the chemical analysis of 178 wines grown in the same region in Italy but 
derived from three different cultivars. The problem is to distinguish the three different types based on 13 continuous 
attributes derived from chemical analysis: Alcohol, Malic acid, Ash, Alcalinity of ash, Magnesium, Total phenols, 
Flavanoids, Nonflavanoids phenols, Proanthocyaninsm, Color intensity, Hue, OD280/OD315 of diluted wines and 
Proline (Fig. 3).

The number of clusters was assumed to be identical to the number of the classes, and the number of neighbors 
for the neighborhood graph was set to eight. Using this number of neighbors, there is only one component in the 
neighborhood graph. It is interesting that with two neighbors, three components were given, but these components do 
not cover the original classes (the misclassification rate is about 60%). This shows the complexity of this problem as 
well.

Table 1 shows the values of the validity indices by the wine data set. As above, the recalculated and the original 
values by FCM show that there may be a certain structure in the data set. However, the validity indices cannot show 
unambiguously which clustering result is the best, since the calculation of distances are different: Euclidean distances 

ftp://ftp.ics.uci.edu/pub/machine-learning-databases
ftp://ftp.ics.uci.edu/pub/machine-learning-databases
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Table 2
Test results using the Iris data set.

Validity Index FCM Hybrid MST-GG GDFCM

PC 0.3335 1.0791 0.9467
CE 1.0953 1.0748 0.0658
Accuracy 92.67% 98% 94.66%

Running time [s] 0.12 45.4 0.17

are used for FCM, while GDFCM uses geodesic distances. This is why we presented “accuracy” in the last row, which 
indicates the proportion of correctly clustered data items, i.e. items belonging to the real clusters after applying our 
clustering method. It can be seen that our algorithm outperforms FCM by four percent, i.e. misclassification rate is 
four percent lower.

To test our algorithm against other powerful graph-based clustering algorithm, we used the well-known Iris data set 
(http://www.ics.uci.edu) contains measurements on three classes of a collection of 150 flowers (50 from each clusters). 
The data contains 4 properties which can be used for clustering. We compared our method with the Hybrid Minimal 
Spanning Tree – Gath–Geva algorithm (Hybrid MST-GG [33]), which is a modern and powerful method. Our test 
results are presented in Table 2.

Our tests show that a modern graph-based method can perform slightly better in term of accuracy, however, it 
suffers from high computational cost. Namely, our methodology presents lower accuracy by 3%, but runs more than 
100 times faster. It follows from the complexity analysis of the Hybrid MST-GG algorithm. In theory, its complexity 
is not higher, namely the most computationally expensive part is the computation of covariance matrices, i.e. O(N3). 
However, the algorithm needs this computation for each cluster in each iteration (of the order of 100), which accounts 
for the longer running time.

4.2. Identification of the most active authors in co-authors data set

We have tested our algorithm using the giant component of the data set of co-authorships in network science,1

which was analyzed by Newman in 2006 [34]. The data contains 379 scientists and 914 connections between them. 
Using our algorithm, we have searched for the 10 most central authors in the graph. Betweenness centrality measure 
has indicated the best performance, the number of potential centers was set to 30 and the fuzzifier m = 1.5. Using 
these settings, our algorithm necessitates only 4 iterations to find the final result, which is presented in Fig. 4. The 
picture indicates the 10 most central scientists resulted by our method by black arrows, while Newman’s results are 
depicted by dark circles. Our algorithm’s outcome differs slightly from Newman’s, 7 out of 10 match. However, we 
have observed that all of the authors identified at central position are senior researchers or group leaders in network 
science. Thus, our method is capable to highlight vertices which are central in their local communities, using social 
network type of data.

4.3. Central warehouse placement in a supply chain network

Geodesic clustering can be used to select central warehouses by minimizing distances from all the nodes of the 
supply chain. To illustrate the applicability of this concept, we defined the 100 biggest Hungarian cities on a Google 
Maps map to represent the distribution of retail stores and end customers. We used our web-based system to retrieve 
coordinates and generate distance table with traveling distances using the Google Maps API [35]2,3 Our goal is to 
identify three distribution regions and find their centers, i.e. cities from where accessing their locations results minimal 
traveling costs (the weights of the edges correspond to traveling distances with road transport).

We have applied betweenness centrality for ranking the locations and the fuzzifier m has set to 1.2. We have used 
cmax = 5 for the upper bound of the number of cluster centers, and applied a partition index based method [36] to 

1 http://www-personal.umich.edu/~mejn/netdata/netscience.zip.
2 A demo version of our application (number of locations is limited to 10) is available at http://193.6.44.35/gmaps/index-en.php.
3 The used map is publicly available at http://goo.gl/maps/IxNSH.

http://www.ics.uci.edu
http://www-personal.umich.edu/~mejn/netdata/netscience.zip
http://193.6.44.35/gmaps/index-en.php
http://goo.gl/maps/IxNSH
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Fig. 4. Result of detecting central authors using the giant-component from the data set of co-authorships in network science. The figure is from [34], 
the dark circles present the scientists with highest centralities resulted by Newman’s algorithm, while our results are indicated by black arrows.

Fig. 5. Result of the clustering using typographical data and real traveling distances computed by Google Maps API. The initial topology is presented 
on the left side, and the identified 3 clusters are depicted on the right side. Different clusters are tinted by different colors, cluster centers are depicted 
by red diamonds. The initial map and results are available in a Google Maps map at http://goo.gl/maps/haIfR and http://goo.gl/maps/ntGWw, 
respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

evaluate the goodness of the complete partitioning using c ∈ {2, 3, . . . cmax}. The estimated correct value for c have 
been three, thus we have searched for three cluster centers and we have set M = 20 as the number of potential clusters 
in our algorithm.

The result of the clustering is presented in Fig. 5. It took only three iterations to find the optimal cluster centers. 
The centers correspond to the natural conditions of the country, since the algorithm identifies the capital and one city 
on each side of the Danube. The combination of our novel algorithm and Google Maps based software provides a 
decision support tool for distribution center placement problems.

We used cluster validity indices to evaluate the effect of the application of geodesic distance based centrality mea-
sures for identification of cluster centers. In Table 3, the betweenness and eigenvector centrality based initialization is 
compared with the case of randomly chosen initial cluster centers. The method using initialization with betweenness 
centrality outperforms significantly the random case in PC, CE, XB indices and gives slightly weaker results using PI. 
Interestingly, applying the eigenvector centrality does not improve the results at all. We explain this behavior in Fig. 6. 

http://goo.gl/maps/haIfR
http://goo.gl/maps/ntGWw
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Table 3
Effect of initialization using the geodesic distance based centrality measures (see lines 
5–9 in the algorithm in Section 3.1.)

Validity Index Random Betweenness Eigenvector

PC (higher is better) 0.21208 0.38198 0.17438
CE (lower is better) 0.58665 0.43308 0.60443
PI (lower is better) 0.13493 0.15052 0.36856
XB (higher is better) 4.02430 0.12824 6.55030

Fig. 6. Distribution of centrality measure using eigenvector (left) and betweenness (right) measures on the Google Maps data.

Table 4
Representation of the effectiveness of initialization by betweenness centrality measure. Values shows the 
goodness of clustering using different cluster validity indices, performing 20 iterations applying random 
initialization and 1 and 20 iterations applying betweenness centrality measure for initialization, respectively. 
The number of clusters is 5, while the number of potential cluster centers is 30.

Validity Index Random 
20th iter.

Betweenness 
1st iter.

Betweenness 
20th iter.

PC (higher is better) 0.13121 0.15631 0.19796
CE (lower is better) 0.57209 0.55377 0.52487
PI (lower is better) 0.10048 0.10484 0.09960
XB (higher is better) 2.26240 0.14920 0.09898

The advantages of betweenness centrality are obvious in this data, since it considers not only the local environment of 
the nodes, but the whole graph, and it is based on shortest path between all pairs of vertices. However, in eigenvector 
centrality, the centrality of neighbor nodes plays an important role, thus marginal vertices with highly central neigh-
bors can be preferred. It is particularly true for this topographical data. The distribution of node centralities in Fig. 6
shows unambiguously the differences, using betweenness, the distribution is much smoother. The much less natural 
behavior of eigenvector centrality on this data is yielded also by a lot of zero values, though the graph was generated 
uniformly (using k neighbors for each vertices).

To present the real power of our centrality measure based initialization, we present the values of cluster validity 
indices at the beginning and after 20 iteration using the new GDFCM method in Table 4. The third column of the 
table demonstrates that performing only the initialization in GDFCM (lines 2–9 in Algorithm 2) can provide better 
clustering result, than running the algorithm applying random initialization through all the 20 iterations. Summarizing, 
applying our proposed method, choosing a proper centrality measure for initialization can provide itself an effective, 
really fast clustering approach for high dimensional data, which can drastically decrease the number of necessary 
iterations for the algorithm.
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Fig. 7. Visualization of the “re0” dataset using the t-SNE method in two and three dimensions.

4.4. Application to document clustering

Although the presented examples validated the capability of the algorithm, they did not prove its power in handling 
high-dimensional data. Therefore, as a last example we choose a well-known high dimensional problem, the cluster-
ing of documents. We have used the data “re0” from [37], which contains 1504 documents from the “Reuters-21578” 
data set including 11 465 words. To compare our result with the one presented in [37], we had to use cosine similarity 
between objects and Entropy for measuring the goodness of the clustering. We used the following parameters: k = 5, 
M = 16, the number of potential cluster centers is 30, and the fuzzifier component was set to 1.2. Our method gener-
ated a clustering with Entropy = 1.0014 which is 15% better than the best clustering found by bisecting k-means with 
refinement in the previous work.

Since it is well known that graph-based methods usually perform better on high-dimensional data, we analyzed 
the “re0” data using the previously mentioned Hybrid MST-GG method. However, since the Hybrid MST-GG method 
requires spatial coordinates, we have to use some dimensionality reduction technique. One of the best known such 
technique is the t-SNE method [38]. Using dimensionality reduction we can visualize the data in two or three dimen-
sions (see Fig. 7). The figure demonstrates well, that the data cannot be mapped to spatial coordinates well, therefore, 
the graph based method cannot be very effective either. In two dimensions, the entropy is very high: 1.5537. We re-
alize the same using higher dimension number, like five, the resulted entropy is much higher than in case of the other 
two methods: 1.5312.

5. Conclusions

We developed an algorithm for mining central objects in graphs and high dimensional data. The modified fuzzy 
c-medoid clustering algorithm uses geodesic distance measure, and selects potential cluster centers among the set of 
most central objects. The proposed approach is able to handle data that lie on a low dimensional manifold of a high 
dimensional feature space, since clustering uses a distance measure, which reflects the true embedded manifold. We 
proposed a very simple but powerful initialization method. Choosing the centrality measure properly, the convergence 
of the algorithm improves substantially. We tested the method on six benchmark problems. The algorithm was capable 
to explore the hidden structure in the S-curve data and in the Wine and Iris data sets. We achieved better results ap-
plying four different cluster validity indices, than the classic fuzzy c-means algorithm. Testing Newman’s results [34], 
we were capable to identify authors at central position who all are senior researchers or group leaders in network 
science. As a very novel application area, we used Google Maps API to generate real traveling distances between 100 
Hungarian cities, and our algorithm separated well the 5-nn graph into three clusters, which corresponds to the natural 
conditions of our country.
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Appendix A. Centrality measures

A.1. Degree

The simplest centrality measure is the degree centrality. The degree of a node means the number of the edges 
connecting to that node. If the graph to be analyzed is a directed graph, we can talk about indegree centrality and 
outdegree centrality as well. Indegree centrality expresses how many directed edges are incident on a node, and 
outdegree centrality represents how many directed edges originate at that node. The centrality measure degree is 
based on that assumption, that significant vertices in the graph have many connections. Formally, the degree of a node 
vi can be expressed as follows:

CD(vi) = deg(vi) (A.1)

where deg(vi) yields the degree of the node vi . In this from the degree centrality just counts the number of the edges 
of a vertex. The measure becomes more informative if we normalize it. The normalization of the degree centrality can 
be made by dividing the value given by Equation (A.1) by the maximum number of possible edges, which is N − 1, 
where N is the number of the vertices, or we can use Freeman’s general formula as well as follows:

CDnorm(vi) =
∑N

i=1

[
CD(v∗) − CD(vi)

]
[(N − 1)(N − 2)]

(A.2)

where CD(v∗) yields the maximum value of the degree centrality in the network.

A.2. Betweenness

The main disadvantage of the degree locality, that it is a purely local measure. The centrality measure betweenness
[28] takes not only the local environment of the nodes into account, but it considers the whole graph, and it is calculated 
based on the shortest paths between all possible pairs of vertices. The measure betweenness of a node expresses the 
number of shortest paths from all vertices to all others that pass through that node. In this approach central nodes 
establish bridges between the other vertices. Formally, the betweenness can be calculated as:

CB(vi) =
∑
j<k

gjk(vi)/gjk (A.3)

where gjk is the total number of shortest paths from node vj to node vk and gjk(vi) is the number of those paths that 
pass through vi . This measure is usually normalized as well. If the graph is undirected we can calculate the normalized 
values as follows:

CBnorm(vi) = CB(vi)[
(N − 1)(N − 2)/2

] (A.4)

If the graph is directed the division is done by (N − 1)(N − 2).

A.3. Closeness

The third centrality measure (closeness) is based on the distance of the vertices. Closeness [29] expresses how 
far the nodes are to the other nodes. In this approach the more central the node is, the more close is the node to the 



JID:FSS AID:6841 /FLA [m3SC+; v1.211; Prn:19/08/2015; 16:42] P.14 (1-16)

14 A. Király et al. / Fuzzy Sets and Systems ••• (••••) •••–•••
other nodes. A node closeness is the inverse of the sum of its distances to all other nodes. If the graph is weighted 
the distance is calculated as the sum of the weights along the shortest paths, and if the graph is unweighted it is the 
number of the hops between the nodes. Therefore the closeness of a node is calculated as follows:

CC(vi) =
⎡
⎣

N∑
j

d(vi, vj )

⎤
⎦

−1

(A.5)

where d(vi, vj ) yields the geodesic distance of objects vi and vj . The normalized version of this centrality measure 
is:

CCnorm(vi) = CC(vi)

N − 1
(A.6)

A.4. Eigenvector

The eigenvector centrality is a more complex centrality measures. It takes not only the structure of the network 
into account, but the centrality measures of other nodes, too. In this approach the centrality of a node depends on how 
central its neighbors are. The assumption is that each node’s centrality is the weighted sum of the centrality values 
of the nodes that it is connected to. The weighting factors are arising from the weight of the edges connecting the 
neighborhood nodes. More precisely, the eigenvector centrality of a node vi can be determined as:

CE(vi) =
∑

j∈M(vi)

(wji ∗ CE(vj )) (A.7)

where wji is the weight of the edge connecting nodes vi and vj . If the graph is unweighted, wji is constant (λ) in all 
cases. Let G = (E, V ) to be analyzed, and A = (ai,j ) the adjacency matrix of the graph G, where ai,j = 1 if vi and 
vj are connected, otherwise ai,j = 0. In this form the values of the eigenvector centralities (x) can be calculated as 
follows:

xi = 1

λ

∑
j∈G

(aji ∗ xj ) (A.8)

This formula can be rewritten as eigenvector equation as:

Ax = λx (A.9)

Multiplying the adjacency matrix by the vector x again and again each node “pick up” the centrality values of each 
vertex to which the first vertex is connected and the centrality measures spread across the edges of the graph. This 
process might eventually reach an equilibrium where the amount coming into a given vertex at each node would 
remain stable. As result the elements of this vector x are the eigenvector centralities of the vertices of the graph.

Appendix B. Cluster validity indices

In this section, some cluster validity indices are presented. These indices are usually be used to determine the proper 
number of clusters, using some criteria related to the ideal clustering result (e.g. well-separated, compact clusters). 
However, these criteria are usually contradictory, and it is far not trivial how to choose the best one. That is why there 
are a lot of cluster validity indices nowadays. In this paper, the usage of validity indices is a bit different. It would like 
to be proven that it is worth using the proposed techniques, and it would like to be shown that with their help it can be 
decided whether there is a manifold like structure in the data set. For that purpose, several indices should be analyzed 
to decide if they fit these purposes. First let us see some validity indices of the most important ones.

1. Partition Coefficient (PC): measures the amount of “overlapping” between cluster. It is defined by Bezdek [39]
as follows:

PC(c) = 1

N

c∑ N∑
(μi,k)

2 (B.1)

i=1 k=1
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The disadvantage of PC is lack of direct connection to some property of the data themselves. The optimal number 
of cluster is at the maximum value.

2. Classification Entropy (CE): it measures the fuzzyness of the cluster partition only, which is similar to the 
Partition Coefficient.

CE(c) = − 1

N

c∑
i=1

N∑
k=1

μi,k ln(μi,k) , (B.2)

3. Partition Index (PI): is the ratio of the sum of compactness and separation of the clusters. It is a sum of individual 
cluster validity measures normalized through division by the fuzzy cardinality of each cluster [36].

PI(c) =
c∑

i=1

∑N
k=1(μi,k)

m||xk − vi ||2∑N
k=1 μi,k

∑c
j=1 ||vj − vi ||2

(B.3)

PI is useful when comparing different partitions having equal number of clusters. A lower value of PI indicates a 
better partition.

4. Xie and Beni’s Index (XB): indirect indices like the partition coefficient suffer from three drawbacks. First, they 
are at best indirectly related to any real clusters in X; second, they ignore additional parameters (such as cluster 
centers); and third, they do not use X itself. Xie and Beni defined an index of fuzzy cluster validity that overcomes 
the second and third problems. It aims to quantify the ratio of the total variation within clusters and the separation 
of clusters [40].

XB(c) =
∑c

i=1
∑N

k=1(μi,k)
2||xk − vi ||2

N mini,j ||vj − vi ||2 (B.4)

The optimal number of clusters should minimize the value of the index.

Note, that the only difference of PI and XB is the approach of the separation of clusters. In the case of highly 
overlapped clusters the value of DI may not be reliable because of re-partitioning the results with the hard partition 
method.
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