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Abstract. Logistic regression based propensity score matching is a widely used 

method in case-control studies to select the individuals of the control group. This method 

creates a suitable control group if all factors affecting the output variable are known. 

However, if relevant latent variables exist as well, which are not taken into account 

during the calculations, the quality of the control group is uncertain. In this paper, we 

present a statistics-based research in which we try to determine the relationship between 

the accuracy of the logistic regression model and the uncertainty of the dependent 

variable of the control group defined by propensity score matching. Our analyses show 

that there is a linear correlation between the fit of the logistic regression model and the 

uncertainty of the output variable. In certain cases, a latent binary explanatory variable 

can result in a relative error of up to 70% in the prediction of the outcome variable. The 

observed phenomenon calls the attention of analysts to an important point, which must 

be taken into account when deducting conclusions. 

Keywords. Case-Control Studies, Propensity Score, Logistic Regression, 

Uncertainty, Monte Carlo Method 

1. Introduction 

In clinical studies, cohort-based analyses are widely used to analyze the effect of specific 

risk factors, causes of diseases or complications of treatments. In these studies, 

characteristic data (e.g. patient history, applied treatments, medication, etc.) of two 

independent groups of patients are compared and the conclusions are drawn from the 

significant differences between the cohorts. 

In cohort studies, the selection of cohorts is very important and has a significant 

impact on the output of the analysis as well. Individuals of these groups have to be similar 

in many ways (e.g. gender and age distribution, etc.), but they have to differ in a certain 

characteristic property (e.g. patients in the case group are treated with a certain medicine, 

while individuals in the control group receive placebo) [1]. In prospective study design, 
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there are many inclusion and exclusion criteria specified to select the proper individuals 

into the case and the control groups [2]. Patient-specific data, thought to be important 

and relevant, are systematically collected and recorded during the whole study period. 

The main disadvantage of these studies is that the execution of a study sometimes takes 

up a lot of time. In contrast, retrospective cohort studies look back in the time and they 

do not require a long time for collecting data about patients. However, these studies must 

face the fact, that the range of available data is not always complete. For this reason, it 

may happen that case and control groups differ not only in the previously planned 

characteristic property (e.g. medication treatment vs. placebo), but hidden differences 

may exist as well, for which we do not have data. Of course, similar cases may also occur 

in prospective studies, if the scope of data included in the study is not complete. 

In the analysis phase, the effect of the known independent variables on the outcome 

can be determined in different ways. If the outcome variable (e.g. the appearance of a 

disease) is categorical, the logistic regression (LR) method is probably the most 

commonly used method for this purpose. Logistic regression determines the odds ratios 

for each explanatory variable and helps to explain relationships between the dependent 

variable (outcome) and the independent variables. However, the LR is based on 

estimation, and it includes uncertainty. The uncertainty of the model can be measured by 

R2 measures, which suggest how well the observed outcome is replicated by the model 

from the independent variables. That is, if the established logistic regression model is 

inaccurate, then the value of the output variable (e.g. the appearance of a disease) cannot 

be predicted with sufficient certainty. However, the question arises, whether the 

uncertainty of the model can be derived from the latent variables. Furthermore, the 

uncertainty of the prediction of the output variable only arises from the predictive 

variables included in the model or the effect of the latent variables may also affect this 

uncertainty? How does the uncertainty of the model relate to the uncertainty of the 

prediction of the output variable? 

In this paper, our goal is to present a statistics-based research in which we try to 

determine the relationship between the accuracy of the binary logistic regression model 

and the uncertainty of the prediction of the output variable. The analysis is based on 

benchmark datasets generated with Monte Carlo simulations. Using these datasets, 

binary logistic regressions based propensity score matching was performed under various 

conditions to generate possible control groups, and then the deviation of the output 

variable in the case and control groups was investigated in order to determine the degree 

of distortion. In the present study, only the effect of binary independent variables was 

analyzed.  

The remaining part of this paper is organized as follows. Section 2 introduces the 

methods used during our study. In Section 3 the course of the research is presented, then 

Section 4 shows the results of the analysis. Finally, Section 5 concludes the paper. 

2. Theoretical background 

2.1. The methodology of the research 

As we mentioned previously, the aim of our analysis is to measure the effect of the latent 

predictors to the outcome variable. The effect of the known predictive parameters on the 

dependent variable is expressed by the calculations of odds ratios using logistic 

regression. The inaccuracy of the prediction determined by the logistic model was 



measured by the R2 value of the model. This quantitative measure also estimates the 

extent of the deficit that comes from latent variables. After the creation of the binary 

logistic regression model, a propensity score value is calculated for each individual based 

on the odds ratios of the known predictive variables. Then, by the use of random 

sampling a case group is created and propensity score matching was performed to select 

the most proper individuals into a control group. Finally, the outcome variable of the 

control group and the case group were compared to measure bias between them and to 

estimate the effect of latent predictive variables. 

These applied methods are introduced briefly in the next section. 

2.2. Applied methods 

Logistic Regression 

Logistic Regression (LR) is a widely used regression model, ranging from machine 

learning to medical fields and social sciences, where the dependent variable is 

categorical. LR is an appropriate regression analysis to conduct when the dependent 

variable is dichotomous (binary): fit for healthcare-based studies where the outcome is 

the existence or lack of a diagnosis or condition. Using LR, it is possible to describe data 

and to explain relationships between the dependent variable (dichotomous outcome) and 

other independent variables, and aims to find the best fitting model to describe these 

aforementioned relationships by using a logistic function. LR estimates a multiple linear 

regression function defined as: 

 

 𝑙𝑜𝑔𝑖𝑡(𝑝) = 𝑏0 + 𝑏1𝑋1 + 𝑏2𝑋2 + ⋯ + 𝑏𝑘𝑋𝑘 (1) 

 

where 𝑝 is the probability of presence of the characteristic of interest and 𝑏𝑖 is a 

regression coefficient indicating the relative effect of 𝑋𝑖 explanatory variable on the 

outcome. The logit transformation is defined as the log odds: 

 

 𝑜𝑑𝑑𝑠 =
𝑝

1−𝑝
=

𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑝𝑟𝑒𝑠𝑒𝑛𝑐𝑒 𝑜𝑓 𝑐ℎ𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑠𝑡𝑖𝑐𝑠

𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑎𝑏𝑠𝑒𝑛𝑐𝑒 𝑜𝑓 𝑐ℎ𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑠𝑡𝑖𝑐𝑠
 (2) 

and 

 𝑙𝑜𝑔𝑖𝑡(𝑝) = ln (
𝑝

1−𝑝
) (3) 

 

The odds ratio for each independent variable is acquired by applying the exponential 

function to the corresponding factor. 

 

Coefficient of determination 

Logistic regression is a probabilistic model that does not guarantee that the regressed 

outcome is entirely describable with the independent variables: it is possible to measure 

this uncertainty and there are various methods to do so. The most basic measure is the 

coefficient of determination, denoted by R2. R2 is the proportion of the variance in the 

dependent variable that is predictable from the independent variables. It provides a 

measure of how well a model approximates the observed outcomes based on the 

proportion of total variation of outcomes explained by the same model. 



Usually, the value of R2 is in the range of [0, 1]. The better the linear regression fits 

the data, the closer the value of R2 is to 1. However, values of R2 outside the range of 

[0, 1] can occur, depending on the used measure. 

R2 does not indicate whether the independent variables cause the changes of the 

dependent variable or omitted-variable bias exists. There is no way to tell if the correct 

regression was used, if the most appropriate set of independent variables has been chosen 

or if there is a collinearity present in the data on the explanatory variables. The model 

might be improved by using transformed versions of the existing set of independent 

variables and it is possible that there are not enough data points to make a solid 

conclusion. It is important to take note of the second caveat: R2 does not indicate whether 

omitted-variable bias exists. But still, R2 provides a measure to quantify the model 

quality. 

Our main research aim is to discover if there is a measurable numeric relationship 

or determined correlation between the value of general R2 of models with omitted 

independent variables and the influence of the omitted independent variable on the 

outcome variable. 

Propensity Score Matching 

The Propensity Score (PS) is the probability of the outcome being true, based on the 

observed baseline characteristics. The propensity score is calculated for each individual 

independently. Patients with a near identical level of exposure will be assigned a similar 

propensity score. Matching based on the PS (Propensity Score Matching, PSM) allows 

one to reduce the effects of selection bias or confounding when estimating the effects of 

the outcome when using observational data [3, 4]. It is important to take into 

consideration the “no unmeasured confounders” assumption, stating, that all variables 

affecting treatment assignment and outcome have been measured [Rosenbam1983b]. 

There is no consensus in the literature as to which variables should be included in the 

propensity score model. There are merits in only including potential or true confounders 

[5]. Furthermore, there is no uniform agreement upon the definition of what constitutes 

as a maximal acceptable propensity distance (caliper size) between the matched 

individuals [6, 7]. Of course, if the caliper size is too large, then the accuracy of the 

matching-based selection decreases.  

3. The applied methodology  

Our study is based on the assumption that, if the set of observed variables is complete, 

the logistic regression model properly describes the relationship between the independent 

variables and the dependent variable and the R2 value of the model is around 1.0. 

Selecting a control group to a sample based on this model guarantees that the deviation 

of the outcome variable is marginal between the case and the control groups based on 

the assumption that the odds ratio values are adequate. The effect of the latent variables 

was analyzed the following way. We omitted only one independent variable at a time 

from the dataset. On the resulting reduced dataset, we remodeled logistic regression, 

recalculated the propensity scores and evaluated the result using the methods described 

in the succeeding paragraphs. In short, we examined how omitted variables affect the R2 

value and how much deviation can be observed in the distribution of the output variable. 

The question is, therefore, that if we ignore an explanatory variable from the logistic 



regression, then how can the R2 value indicate the bias of the output variable (e.g. the 

incidence of a disease). 

 

Simulation 

The study was performed on benchmark datasets generated by Monte Carlo 

Simulation. Our investigation scenario consisted of 100 simulated datasets of size 1000 

individuals characterized by 8 binary independent variables. All 8 independent variables 

(𝑥1, … , 𝑥8) were independent Bernoulli random variables with a probability parameter of 

0.5. These independent variables model the characteristics of a certain patient, e.g. sex, 

diagnoses and other descriptors. For each dataset, additional datasets were created: for 

every independent variable, we omitted only one, while keeping the others intact. This 

resulted in 8 additional datasets, each one containing only 7 independent variables. This 

way the number of investigated datasets totals 900 ((1 + 8) ∗ 100).  
To determine the output variable we calculated a utility value (𝑦′) for each 

individuals based on Equation 4. As it can be seen, the values of the regression 

coefficients were chosen in such a way, that the effect of the independent variables 

changes uniformly. The binary outcome (coded by 𝑦) was determined by Equation 5 

individually for each dataset. In a more comprehensible way, if the exposure of an 

element from a specific dataset was higher than the median of all elements from the same 

dataset, the outcome is 1 (having a diagnosis or receiving a treatment), otherwise 0. This 

way the probability of the outcome estimates 0.5 for each specific dataset. 

 

 𝑦′ = 1.0𝑥1 + 1.2𝑥2 + 1.4𝑥3 + 1.6𝑥4 + 1.8𝑥5 + 2.0𝑥6 + 2.5𝑥7 + 3.0𝑥8 (4) 

 𝑦 = {
1 𝑖𝑓 𝑦′ > �̅�
0 𝑒𝑙𝑠𝑒

 (5) 

 

After the creation of the datasets, we performed logistic regression on each of them 

independently, to estimate the propensity scores of the individuals and the R2 values for 

the models. In the next step, we determined the R2 difference values for each coherent 

dataset by using Equation 6. 

 

 𝑑𝑅2𝑖 = 𝑎𝑏𝑠(𝑅𝑏𝑎𝑠𝑒𝑙𝑖𝑛𝑒
2 − 𝑅𝑥𝑖

2 ), 𝑖 ∈ {1, … ,8} (6) 

 

where 𝑅𝑏𝑎𝑠𝑒𝑙𝑖𝑛𝑒
2  is the R2 value of the dataset containing all independent variables and 

𝑅𝑥𝑖
2  is the R2 value of the dataset from which 𝑥𝑖 was omitted. 

In the next step, test groups were created by blind random selection from each 

dataset having the outcome retain 0.5 probability. The remaining elements formed the 

population, which contained the possible entities of the control groups. To create control 

groups, we ran propensity score matching (with caliper size=0.05) on each dataset 50 

times and 50 possible control groups were selected for each test groups. The evaluation 

of the results was based on the average values of the 50 runs. 

The individuals of the control groups were selected in two different ways. In the first 

case (realistic case), we assumed, that the population giving the basis of the control 

group contains individuals both with 1 and 0 values on the omitted binary variable. This 

case simulates when the population from which the control group is selected may contain 

random values on the invisible predictive parameter. In the second case (pessimistic 



case), the worst case was modeled, when the population contains only such individuals 

where the value of the invisible predictive feature is equal to 1. This is the case, when 

we do not know, for example, that diabetes has a great impact on the outcome variable, 

and we select people into the control group without taking into consideration this feature, 

and the resulted control group contains only diabetic patients. 

As the output variable in our study is binary, the distribution of the output was 

determined as the ratio of cases with 𝑦 = 1 value, which models, for example, the 

frequency of a disease. So, the relative difference of the output variables in the case and 

control groups was calculated as follows: 

 

 𝑟𝑒𝑙_𝑒𝑟𝑟 =
𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 𝑜𝑓 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑔𝑟𝑜𝑢𝑝 𝑤𝑖𝑡ℎ 𝑦=1 𝑜𝑢𝑡𝑐𝑜𝑚𝑒 𝑣𝑎𝑙𝑢𝑒

𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 𝑜𝑓 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑐𝑎𝑠𝑒 𝑔𝑟𝑜𝑢𝑝 𝑤𝑖𝑡ℎ 𝑦=1 𝑜𝑢𝑡𝑐𝑜𝑚𝑒 𝑣𝑎𝑙𝑢𝑒
 (7) 

 

Finally, we compared the calculated 𝑑𝑅2𝑖 and 𝑟𝑒𝑙_𝑒𝑟𝑟 values. 

4. Results 

During our work, we analyzed two possible scenarios. The first one is a realistic scenario, 

where the omitted variable in the population contained both 0 and 1 values, while the 

second one is a pessimistic scenario, where the omitted variable was uniform in the 

population with a value of 1.  

Figure 1 shows the relationship between the probability of the outcome being 1 and 

the 𝑑𝑅2𝑖   value. The left side of Figure 1 shows that there is no noticeable relationship 

between the accuracy of the logistic regression model and the probability of the outcome 

in the realistic scenario. The quality of the selected control groups is almost the same in 

every case. The deviation of the probability of the outcome from the expected value 

(shown in the figure as a cyan horizontal region which represents the minimum, average 

and maximum probability of the outcome being 1 calculated based on the case groups) 

is within a 10% range. It seems that the quality of the outcome variable is not affected 

by the quality of the model. The right side of Figure 1 (pessimistic scenario) shows a 

more noticeable connection. The omitted variable strongly affects the value of the 

outcome variable. The worse the logistic regression model estimates the outcome, the 

bigger the difference is in the probability of the outcome variable. Namely, the 

probability of the outcome being 1 is a linear function of the inaccuracy of the logistic 

regression model. The more inaccurate the model, the higher the probability of the 

outcome being 1. 



 
Figure 1. Relationship between the probability of the outcome being 1 and the 𝑑𝑅2 𝑖 values 

for the realistic scenario (left) and pessimistic scenario (right). There is a noticeable linear 

relationship on the right side, while this relationship is nonexistent on the left side. 

Figure 2. shows the relative error of the probability of the outcome being 1 between 

the case and the selected control groups as a function of dR2i. Just as previously, on the 

left side (realistic scenario) there is no noticeable relationship and the relative error tops 

at 20%. In contrast, in the pessimistic scenario (right side) there is a linear relationship 

between the measures. The higher the inaccuracy of the model, the higher the relative 

error becomes, reaching even 70%. 

 
Figure 2. Relative error in the probability of the outcome being 1 as a function of 𝑑𝑅2𝑖 . The 

same analogy applies in this case as well. On the left side (realistic scenario) there exists only a 

20% relative error in the sample and the selected control, while on the right side (pessimistic 

scenario) this value rises up to 70% as a linear function of 𝑑𝑅2𝑖. 

Summarizing, the results of the logistic regression based analysis are significantly 

influenced by the ignoration of an explanatory binary variable. In the realistic case, when 



the omitted explanatory variable can take any value in the control group, the relative 

error of the predicted dichotomous value moves between 0% and 20%. However, if the 

omitted explanatory variable only takes 1 as value in the control group, the relative 

difference between the predicted dichotomous outcome value with an omitted 

explanatory variable and the outcome value without any omitted explanatory variable 

can reach 70%. 

5. Discussion 

The selection of independent variables is a critical step in case-control studies. The 

results of case-control studies rest on a correctly constructed dataset and adequate control 

group selection. In this paper, we analyzed the effect of the latent dichotomous variables 

on the deviation of the outcome variable. The analysis was based on a Monte Carlo 

simulation in which we modeled the effect of omitted variables on the outcome. To 

measure the bias of the outcome we applied logistic regression based propensity score 

matching. We established that in the pessimistic scenario the omitted latent variables 

with high significance could greatly affect the value of the outcome variable. This 

conclusion is based on the revealed linear relationship between the deviance of the 

outcome and the model accuracy. This analysis draws attention to the important fact that 

calculations with latent variables can significantly influence the evaluation of case-

control-based studies. 

Acknowledgment 

We acknowledge the financial support of ÚNKP-17-2 New National Excellence 

Program of the Ministry of Human Capacities and Széchenyi 2020 under the EFOP-

3.6.1-16-2016-00015. 

References 

[1] Everitt BS, Palmer CR: Encyclopaedic Companion to Medical Statistics, Hodder Arnold, London, 2005 

[2] Sholom Wacholder, Joseph K. McLaughlin, Debra T. Silverman, and Jack S. Mandel: Selection of Controls 
in Case-Control Studies, Americal Journal of Epidemiology 135(9) (1992), 1019-1028. 

[3] Austin PC: An Introduction to Propensity Score Methods for Reducing the Effects of Confounding in 

Observational Studies. Multivariate Behavioral Research. 2011;46(3):399-424. 
doi:10.1080/00273171.2011.568786. 

[4] Austin PC: Comparing paired vs non-paired statistical methods of analyses when making inferences about 

absolute risk reductions in propensity-score matched samples, Statistics in Medicine, 2011 May 
20;30(11):1292-301. doi: 10.1002/sim.4200 

[5] Austin, PC: Grootendorst, P., & Anderson, G. M. (2007). A comparison of the ability of different 

propensity score models to balance measured variables between treated and untreated subjects: A Monte 
Carlo study. Statistics in Medicine, 26, 734–753. doi:10.1002/sim.2580 

[6] Austin, PC: Propensity-score matching in the cardiovascular surgery literature from 2004 to 2006: A 

systematic review and suggestions for improvement. Journal of Thoracic and Cardiovascular Surgery, 
134, 1128–1135. doi:10.1016/j.jtcvs.2007.07.021 

[7] Austin, PC: The performance of different propensity score methods for estimating marginal odds ratios. 

Statistics in Medicine, 26, 3078–3094. doi:10.1002/sim.2781 


