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Abstract. In practical data mining problems high-dimensional data has
to be analyzed. In most of these cases it is very informative to map and
visualize the hidden structure of complex data set in a low-dimensional
space. The aim of this paper is to propose a new mapping algorithm
based both on the topology and the metric of the data.

The utilized Topology Representing Network (TRN) combines neural
gas vector quantization and competitive Hebbian learning rule in such a
way that the hidden data structure is approximated by a compact graph
representation. TRN is able to define a low-dimensional manifold in the
high-dimensional feature space. In case the existence of a manifold, mul-
tidimensional scaling and/or Sammon mapping of the graph distances
can be used to form the map of the TRN (TRNMap).

The systematic analysis of the algorithms that can be used for data
visualization and the numerical examples presented in this paper demon-
strate that the resulting map gives a good representation of the topology
and the metric of complex data sets, and the component plane represen-
tation of TRNMap is useful to explore the hidden relations among the
features.

Keywords: Data visualization, Dimensionality reduction, Topology
Representing Networks, Isomap, CDA.

1 Introduction

1.1 Classical Dimension Reduction Algorithms

Exploratory Data Analysis (EDA) is an approach/philosophy for data analysis
that employs a variety of techniques (mostly graphical) to maximize insight into
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a data set, uncover underlying structure, extract important variables, detect out-
liers and anomalies, and test underlying assumptions. The seminal work in EDA
is written by Tukey [30]. Most EDA techniques are graphical in nature with a
few quantitative techniques [21]. The role of EDA is to open-mindedly explore
the data. The main defect of EDA is arising from the limit of the visualization.
Data can be thought as points in a high-dimensional vector space, with each di-
mension corresponding to an attribute of the observed object. Because humans
simply can not see high-dimensional data, it is necessary to reduce the dimen-
sionality of the data. The reduction of dimensionality of the feature space is also
important because of the curse of dimensionality. In a nutshell, same number
of examples fill more of the available space when the dimensionality is low, and
its consequence is that exponential growth with dimensionality in the number
of examples is required to accurately estimate a function. Hence, dimensionality
reduction is an important task of (visual) data mining.

The goal of dimensionality reduction is to map a set of observations from
a high-dimensional space (D) into a low-dimensional space (d, d � D) pre-
serving as much of the intrinsic structure of the data as possible. Let X =
{x1,x2, . . . ,xN} be a set of the observed data, where xi denotes the i-th ob-
servation (xi = [xi,1, xi,2, . . . , xi,D]T ). Each data object is characterized by
D dimensions, so xi,j yields the j-th (j = 1, 2, . . . , D) attribute of the i-th
(i = 1, 2, . . . , N) data object. Dimensionality reduction techniques transform
data set X into a new data set Y with dimensionality d (Y = {y1,y2, . . . ,yN},
yi = [yi,1, yi,2, . . . , yi,d]T ). In the reduced space many data analysis tasks (e.g.
classification, clustering, image recognition) can be carried out faster than in the
original data space.

Three types of dimensionality reduction methods can be distinguished: (i)
metric methods try to preserve the distances of the data defined by a metric,
(ii) non-metric methods try to preserve the global ordering relations of the data,
(iii) other methods that differ from the previously introduced two groups.

The most widely applied dimensionality reduction method is the Principal
Component Analysis (PCA) [10,12], a member of the last class. PCA represents
the data as linear combinations of a small number of basis vectors. The method
finds the projection that stores the largest variance possible in the original data
and rotates the set of the objects such that the maximum variability becomes
visible. Accordingly, PCA tries to preserve the variance of the input data ele-
ments. Geometrically, PCA transforms the data into a new coordinate system
such that the greatest variance by any projection of the data comes to lie on
the first coordinate, the second greatest variance on the second coordinate, and
so on. The main steps of the PCA are the follows: (1) subtract the mean from
each of the data dimensions (2) calculate the covariance matrix (3) calculate the
eigenvectors and the eigenvalues of the covariance matrix (4) choose the main
significant eigenvectors (5) derive the new data set from the significant eigen-
vectors and from the original data matrix. Independent Component Analysis
(ICA) [4] is similar to PCA, except that it tries to find components that are
independent.
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In the following let us have a closer look at the mostly used metric dimension-
ality reduction methods. Multidimensional scaling (MDS) [3] refers to a group
of unsupervised data visualization techniques. Given a set of data in a high-
dimensional feature space, MDS maps them into a low-dimensional (generally
2-dimensional) data space in a way that objects that are very similar to each
other in the original space are placed near each other on the map, and objects
that are very different from each other are placed far away from each other.
There are two types of MDS: (i) metric MDS and (ii) non-metric MDS. While
metric MDS discovers the underlying structure of data set by preserving similar-
ity information (pair wise distances) among the data objects, non-metric MDS
attempts to preserve the rank order among the dissimilarities.

Sammon mapping (SM) [27] is a metric, nonlinear dimensionality reduction
method which maps the set of points in a high-dimensional vector space onto a
2-dimensional output space. It tries to optimize the cost function that describes
how well the pairwise distances in a data set are preserved. The Sammon stress
function (distortion of the Sammon projection) can be written as:

ESM =
1

N∑

i<j

d∗i,j

N∑

i<j

(d∗i,j − di,j)2

d∗i,j
, (1)

where d∗i,j denotes the distance between the vectors xi and xj , and di,j respec-
tively for yi and yj .

1.2 Topology Based Visualization Techniques - Geodesic Distance
Measures

Dimensionality reduction methods in many cases are confronted with low-di-
mensional structures hidden in the high-dimensional space. In these cases the
Euclidean distance, which is the length of the straight line between two points,
is not suitable to compute distances among the data points. The problem of the
Euclidean distance is that this straight line can go through shortcuts outside the
data cloud. The geodesic distance between two points of manifold is computed
in such a way that it always goes along the manifold. Using this distance it
can be given more essential description about the data distances. Obviously, in
many cases only a few points of the manifold are known. In these cases the
geodesic distances can be approximated by computing the graph distances [2].
To compute graph distances a graph should be built on the data. There are
two basic variations to construct the adjacency graph: (i) ε-neighboring and (ii)
k-neighboring. In the case of the first approach objects xi and xj are connected
by an edge, if ‖xi − xj‖2 < ε, where the norm is the Euclidean norm. In the
second case objects xi and xj are connected by an edge if xi is among the k-
nearest neighbors of xj or xj is among the k-nearest neighbors of xi. The edges
of the graph are weighted with their Euclidean lengths, so the graph distance
is obtained as the shortest path for each pair of points: given a set of objects
or representatives (X), the graph distance between two objects xi,xj ∈ X is
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the length of the shortest paths of X joining xi and xj . Figure 1 illustrates a
2-dimensional manifold embedded in a 3-dimensional vector space. It can be seen
that in this case the the similarity measure based on the Euclidean distance not
properly characterizes the distance of the selected two points.

Fig. 1. The Euclidean (solid line) and the graph distance (broken line) of two objects
of a manifold

The Isomap algorithm proposed by Tenenbaum et al. in 2000 [29] is based on
such a distance measure. Isomap deals with finite data sets of points in R

D which
are assumed to lie on a smooth submanifold Md (d � D). The aim of this method
is to preserve the intrinsic geometry of the data set and visualize the data in a
low-dimensional feature space. For this purpose Isomap calculates the geodesic
distances between all data points and then projects them into a low-dimensional
vector space using the method of MDS. Isomap consists of three major steps.
(1) Construct the neighborhood graph of the data by using the k-neighboring
or ε-neighboring approach. (2) Compute the geodesic distances between every
pair of objects. (3) Construct a d-dimensional embedding of the data points.
For the low-dimensional (generally d = 2) visualization Isomap utilizes MDS. In
this case the multidimensional scaling is not based on the Euclidean distance,
but it utilizes the previously computed geodesic distances. Isomap uses a non-
Euclidean metric for mapping, therefore a nonlinear projection is obtained as a
result. However, if the first step of the Isomap algorithm is applied to a multi-
class data set, several disconnected subgraphs can be formed, thus the MDS can
not be performed on the whole data set. Wu and Chan [32] give an extension
of the Isomap solving this problem. However, real-word data are often noisy.
Applying Isomap to noisy data shows also some limitations.

1.3 Application of Vector Quantization in Visualization Techniques

The previously presented metric algorithms are sensitive to noise and outliers
and are not applicable to large data sets due to the numerical complexity of the
algorithms and the need for the calculation of pairwise (in some cases geodesic)
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distances among each data. To handle these difficulties it is suggested to execute
a vector quantization (VQ) step to define representatives for the data and thereby
to reduce the computational time and handle noise and outliers.

The Self-Organizing Map (SOM) [13] is one of the most popular neural net-
work models. The main goal of SOM is to transform a high-dimensional pat-
tern into a low-dimensional discrete map in a topologically ordered grid. The
2-dimensional grids may be arranged in a rectangular or a hexagonal structure.
Actually, the SOM is a neural network, where each neuron is represented by a
D-dimensional weight vector. Creating and utilizing the SOM means two ba-
sic methods: (1) training process and (2) mapping process. During the training
process the weight vectors have to be initialized first (e.g. randomly or sample
initialization). After that given a random sample from the training data set, the
best matching unit (BMU) in the SOM is located. BMU is the closest neuron to
the selected input pattern based on the Euclidean distance. The weights of BMU
and neurons closest to it in the SOM grid are then updated towards the sample
vector in the input space. The coverage of the change decreases with time. BMU
and its neighboring neurons in the SOM grid are updated towards the sample
object based on the following formula:

wi (t + 1) = wi (t) + hc,i (t) [x (t) − wi (t)] , (2)

where t denotes time, the wi denotes the neurons in the grid, the x(t) is the the
random sample objects at time t and hc,i (t) yields the neighborhood function
about the winner unit c at time t.

There is a variety of different kinds of visualization techniques available for the
SOM. (e.g. U-matrix [31], component planes). Component planes are visualized
by taking from each weight vector the value of the component (attribute) and
depicting this as a color or as a height on the grid. SOM can handle the missing
values, but when the map structure does not match the input data structure,
SOM is not able to preserve the topology of the input data structure.

There are many algorithms that combines the different visualization tech-
niques with the topology representation possibilities. The method Isotop [16]
can be seen as a variation of SOM with a data-driven topology grid. Firstly,
Isotop performs a vector quantization step in order to reduce the number of
the data. Secondly, Isotop builds a graph structure based on the k-neighboring
or ε-neighboring. Finally, Isotop performs a non-metric dimensionality reduc-
tion. This process uses the graph distances defined by the previously calculated
neighborhood connections.

Curviliear Component Analysis (CCA) [5] algorithm was proposed as an im-
provement of the Kohonen Self-Organizing Maps, in that the output lattice has
no fixed structure predetermined. CCA algorithm performs two tasks separately:
(1) a vector quantization and (2) a nonlinear projection of these quantized vec-
tors (centroids) onto a d-dimensional output space. After mapping of the cen-
troids the full data set is mapped on the nonlinear discrete subspace defined by
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the mapped centroids. CCA maps the data by minimizing the topology error
function defined as:

ECCA =
1
2

N∑

i<j

(
d∗i,j − di,j

)2
F (di,j) , (3)

where d∗i,j denotes the distance between the vectors xi and xj , and di,j respec-
tively for yi and yj . F is a decreasing function of di,j (F : R

+ → [0, 1]). The
function F allows the local topology to be favored with respect to the global
topology.

Curvilinear Distances Analysis (CDA) [15] is the nonlinear variant of CCA.
While CCA is based on the Euclidean distance, CDA utilizes the curvilinear
(graph) distance.

Although most of the algorithms utilize the previously presented two ap-
proaches (ε-neighboring and k-neighboring) for the construction of the represen-
tative graph of the data set, there are other possibilities to disclose the topology
of the data, too. Topology representing networks refers to a group of methods
that generate a compact topology preserving maps for different data sets. The
topology representative methods combine the neural gas (NG) [19] vector quan-
tization method and the competitive Hebbian learning rule [9]. For a given data
distribution firstly a cloud will be created by running the neural gas algorithm
and then the topology is generated by the competitive Hebbian learning rule.
The methods generate their topology map as a result.

There are many methods published in the literature proposing to capture
the topology of the given data set. Martinetz and Shulten [20] showed how the
simple competitive Hebbian rule forms topology representing networks. The al-
gorithm of Topology Representing Network (TRN) firstly selects some random
points (weights) in the input space. The number of weights is a predefined pa-
rameter. The algorithm then iteratively selects an object from the input data
set randomly and moves all weights closer to this pattern. After this step, the
two weights closest to the randomly selected input pattern will be connected.
Finally, edges exceeding a predefined age are removed. This iteration process is
continued until a termination criterion is satisfied. The algorithm results in the
Topology Representing Network.

Dynamic Topology Representing Networks (DTRN) were introduced by Si
at al. [28]. In this method the topology graph incrementally grows by adding
and removing edges and vertices. The algorithm starts with only one node. The
algorithm examines a vigilance test in each iteration. If the nearest (winner) node
to the randomly selected input pattern fails this test, a new node is created and
this new node is connected to the winner. If the winner passes the vigilance test,
the winner and its adjacent neighbors are moved closer to the selected input
pattern. In this second case, if the winner and the second closest weights are
not connected, the algorithm creates an edge between them. Similarly to the
TRN algorithm DTRN also removes those connections whose age achieves a
predefined threshold. The most important input parameter of DTRN algorithm
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is the vigilance threshold. This vigilance threshold gradually decreases from an
initial value to a final value.

Weighted Incremental Neural Network (WINN) [22] produces a weighted con-
nected net. This net consists of weighted nodes connected by weighted edges.
This algorithm starts with two randomly selected nodes from the input pattern.
In each iteration the algorithm selects a pattern from the input data set, and the
nearest node to this object and its direct topological neighbors move towards
the selected object. If the nearest node and the other n − 1 nearest nodes are
not connected, the algorithm establishes a connection between them. The ages
and the weight-variables of edges, the error-variables and the weights of nodes
are updated step by step. This method inserts a new node in the net when the
number of the generated input pattern is a multiple of a predefined λ parameter.
Similarly to the previous algorithms WINN also removes the ’old’ connections.

In the literature there are a few dimensionality reduction methods that uti-
lizes the combination of the neural gas and the competitive Hebbian learning
rule. The OVI-NG algorithm [7] is an enhancement over CCA. It utilizes the
Euclidean distance and performs a non-metric dimensionality reduction method
that preserves the neighborhood relationships between the representative ele-
ments defined by the NG algorithm and the input data elements. The GNLP-NG
algorithm [8] is an extension of the OVI-NG as it uses graph distances instead
of the Euclidean ones.

1.4 Motivation

All these methods seem a good choice for dimensionality reduction, but each of
them has some disadvantages. When the data set contains nonlinear structure,
PCA, ICA and classical MDS (based on Euclidean distance) are not applicable.
Isomap cannot model multi-class problems and it is not efficient on large and
noisy data sets. The main disadvantage of Isotop, OVI-NG and GNLP-NG meth-
ods are that they use a non-metric mapping method and thereby only the rank
ordering of the representatives is preserved during the mapping process. The
SOM has a predefined and limited structure of the neurons. Although CCA and
CDA are a more complicated techniques, they need to be well parameterized [17].

In this paper a new robust method for data exploration is proposed. This
method aims to fulfill the following three criterions: (i) give a low-dimensional
representation of the data, (ii) preservation of the metric of the input data space,
and (iii) preservation of the intrinsic data structure (topology). The proposed
method as vector quantization and topology exploration utilizes the Topology
Representing Network algorithm, and it also exploits the main advantages of
dimensionality reduction methods. As a result it gives compact low-dimensional
topology preserving feature maps to explore the hidden structure of data.

2 Topology Representation of High-Dimensional Data

The previously presented systematic overview showed that visualization algo-
rithms can be defined as combinations of vector quantization, distance calculation,
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and mapping algorithms. As vector quantization the well-knownk-means and neu-
ral gas algorithms can be used. The distances can be calculated based on either Eu-
clidean norm or graph distance. The graph distance can be calculated based on the
graphs arising from the ε-neighboring,k-neighboring or theTopologyRepresenting
Network. In the following this algorithm is presented.

The combination of the neural gas algorithm and the competitive Hebbian
rule gives a powerful tool for the topology representation. In contrast to the k-
neighboring and to the ε-neighboring it also considers the distribution of the data
elements. Although, the TRN, DTRN and WINN algorithms are quite similar,
the TRN algorithm gives the most robust representation of the data.

Given a set of the data (X = {x1,x2, . . . ,xN}, xi ∈ R
D, i = 1, . . . , N) and a

set of neural units (W = {w1,w2, . . . ,wn}, wi ∈ R
D, i = 1, . . . , n). The TRN

algorithm distributes the pointers wi between the data objects by the the neural
gas algorithm, and forms connections between them by applying competitive
Hebbian rule. The run of the algorithm results in a topology map of the data.
The topology map means a graph G = (W,C), where W denotes the nodes
(neural units, centres, representatives) quantified by the neural gas algorithm
and C yields the set of edges between them.

The TRN Algorithm

1. Initialize the units wi randomly. Set all connection strengths ci,j to zero. Set
t = 0.

2. Select an input pattern x with equal probability for each x. Increase the
iteration step t = t + 1.

3. For each unit wi determine the number ki of units wj with

‖x− wj‖ < ‖x − wi‖ (4)

by determining the sequence (i0, i1, . . . , in−1) with

‖x− wi0‖ < ‖x − wi1‖ < . . . < ‖x − win−1‖. (5)

4. Update the units wi according to the neural gas algorithm by setting

wnew
i = wold

i + ε · e−ki/λ
(
x − wold

i

)
, i = 1, . . . , n (6)

5. If a connection between the first and the second closest unit to x does not ex-
ist already (ci0,i1 = 0), create a connection between them by setting ci0,i1 = 1
and set the age of this connection to zero by ti0,i1 = 0. If this connection
already exists (ci0,i1 = 1), set ti0,i1 = 0, that is, refresh connection of the
units i0 - i1.

6. Increment the age of all connections of wi0 by setting ti0,j = ti0,j + 1 for all
wj with ci0,j = 1.

7. Remove those connections of unit wi0 the age of which exceeds the parameter
T by setting ci0,j = 0 for all wj with ci0,j = 1 and ti0,j > T .

8. If t < tmax go back to step 2.



Topology Representing Network Map 69

The TRN algorithm combines the neural gas algorithm with the competitive
Hebbian rule. Steps 1-5 (without setting the connection strengths ci,j to zero)
and step 8 describe the neural gas algorithm. How the connections of the objects
are formed is based on the Hebbian rule.

The algorithm has many parameters. The number of the iterations (tmax)
is determined by the user. The parameter λ, the step size ε and the lifetime
T is dependent on the number of the iteration. This time dependence can be
expressed by the following general form:

g(t) = gi

(
gf

gi

)t/tmax

(7)

The paper [20] gives good suggestions to tune these parameters.

3 Visualization of the TRN

This section proposes an algorithm for the visualization of Topology Represent-
ing Networks. The section includes the presentation of the applied dimensionality
reduction method and the proposed algorithm.

The main goal of the proposed algorithm is to preserve both the topology
and the metric of the input data set. For this purpose it combines the main
benefits of the topology representing networks with a metric dimensionality re-
duction method. Although, the dimensionality reduction methods offer several
low-dimensional visualization techniques for the presentation, we suggest to use
a metric dimensionality reduction method to preserve the the metric of the data
set. To achieve this purpose can be used for example the metric MDS or the
Sammon mapping or its variations. In this paper the metric MDS is preferred.
However, distance-preservation methods fully works only for linear manifolds.
To avoid this disadvantage we suggest to compute the dissimilarity of the data
based on a graph distances instead of computing a distance as the Euclidean
distance. To compute the graph distances the set of the data is replaced by the
graph resulted of the TRN algorithm. The edges of the graph are labeled with
their Euclidean length and Dijkstra’s algorithm [6] is run on the graph, in order
to compute the shortest path for each pair of points.

The classical MDS algorithm is an algebraic method that rests on the fact that
the matrix Y containing the output coordinates can be derived by eigenvalue
decomposition from the scalar product matrix B = YYT . The detailed metric
MDS algorithm is the following:

The MDS Algorithm [24]

1. Let the searched coordinates of n points in a d-dimensional Euclidean space
be given by yi (i = 1, . . . , n), where yi = (yi,1, . . . , yi,d)

T . Matrix Y =
[y1, . . . ,yn]T is the n×d coordinates matrix. The Euclidean distances {d∗i,j =
(yi − yj)

T (yi − yj)} are known. The inner product of matrix Y is denoted
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B = YYT . Find matrix B from the known distances {d∗i,j} using Young-
Householder process [33]:

(a) Define matrix A = [ai,j ], where ai,j = − 1
2d∗2i,j ,

(b) Deduce matrix B from B = HAH, where H = I − 1
n llT is the

centering matrix, and l is an n × 1 column vector of n ones

2. Recover the coordinates matrix Y from B using the spectral decomposition
of B:

(a) The inner product matrix B is expressed as B = YYT . The
rank of B is r (B) = r

(
YYT

)
= r (Y) = d. B is symmetric,

positive semi-definite and of rank d, and hence has d non-negative
eigenvalues and n − d zero eigenvalues.

(b) Matrix B is now written in terms of its spectral decomposition,
B = VΛVT , where Λ = diag (λ1, λ2, . . . , λn) the diagonal ma-
trix of eigenvalues λi of B, and V = [v1, . . . ,vn] the matrix of
corresponding eigenvectors, normalized such that vT

i vi = l,

(c) Because of the n − d zero eigenvalues, B can now be rewritten
as B = V1Λ1VT

1 , where Λ1 = diag (λ1, λ2, . . . , λd) and V1 =
[v1, . . . ,vd],

(d) Finally the coordinates matrix is given by Y = V1Λ
1
2
1 , where

Λ
1
2
1 = diag

(
λ

1
2
1 , . . . , λ

1
2
d

)
.

The proposed data analysis tool is an unsupervised mapping algorithm that
gives a compact representation of the data set as result. It results in a new visual-
ization map, called Topology Representing Network Map (TRNMap). TRNMap
is a self-organizing model with no predefined structure which provides an expres-
sive presentation of high-dimensional data in low-dimensional data space. The
dimensionality of input space is not restricted. Although we can get arbitrary
dimensional output map as a result, in this paper the 2-dimensional output map
is recommended. The method for constructing the TRNMap (TRNMap algo-
rithm) is based on the graph distances, therefore it is able to handle the set
of data lying on a low-dimensional manifold that is nonlinearly embedded in a
higher-dimensional input space.

Given a set of data X = {x1,x2, . . . ,xN}, xi ∈ R
D. The main goal of the

algorithm is to give a compact, perspicuous representation of the objects. For
this purpose the set of X is mapped into a lower-dimensionality output space,
Y = {y1,y2, . . . ,yn},n ≤ N , (yi ∈ R

d, d � D, in this paper d = 2).
To avoid the influence of the range of the attributes a normalization proce-

dure is suggested as a preparing step (Step 0). After the normalization the al-
gorithm creates the topology representing network of the input data set (Step 1).
Although, any kind of topology representing networks is adaptable in the proposed
algorithm, in this paper we suggest to use of the Topology Representing Network
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proposed by Martinetz and Shulten [20]. The number of the nodes (representa-
tives) of the TRN is determined by the user. By the use of the TRN, this step en-
sures the exploration of the correct structure of the data set, and includes a vector
quantization, as well. If the resulting graph is unconnected, the algorithm connects
the subgraphs by linking the closest elements (Step 2). Then the pairwise graph
distances are calculated between every pair of representatives (Step 3). In the fol-
lowing, the original topology representing network is mapped into a 2-dimensional
graph (Step 4). In this paper it is carried out by the metric multidimensional scal-
ing, where the similarities of the data points are provided by the previously cal-
culated graph distances. The use of graph distances during the mapping process
ensures that the algorithm is able to reveal low-dimensional manifolds embedded
in a high-dimensional vector space. For the expressive visualization component
planes are also created by the D-dimensional representatives (Step 5).

The Topology Representing Network Map Algorithm

0. Normalize the input data set X.
1. Create the topology representing network of X by the use of the TRN al-

gorithm. Yield M (D) = (W, C) the resulting graph, let wi ∈ W the repre-
sentatives (nodes) of M (D). If exists an edge between the representatives wi

and wj (wi,wj ∈ W , i �= j), ci,j = 1, otherwise ci,j = 0.
2. If M (D) is not connected, connect the subgraphs in the following way:

While there are unconnected subgraphs (m(D)
i ⊂ M (D), i = 1, 2, . . .):

(a) Choose a subgraph m
(D)
i .

(b) Let the terminal node t1 ∈ m
(D)
i and its closest neighbor t2 /∈

m
(D)
i from:

‖t1 − t2‖ = min‖wj − wk‖, t1,wj ∈ m
(D)
i , t2,wk /∈ m

(D)
i

(c) Set ct1,t2=1.

Yield M∗(D) the modified M (D).

3. Calculate the graph distances between all wi,wj ∈ M∗(D).
4. Map the graph M (D) into a 2-dimensional vector space by metric MDS based

on the graph distances of M∗(D).
5. Create component planes for the resulting Topology Representing Network

Map based on the values of wi ∈ M (D).

The parameters of the TRNMap algorithm are the same as those of the Topol-
ogy Representing Networks algorithm. The number of the nodes of the output
graph (n) is determined by the user. The bigger the n the more detailed the
output map will be. We suggest the choice n = 0.2N . If the number of the
input data elements is high, it can result in numerous nodes. In these cases it
is practical to decrease the number of the representatives and iteratively run
the algorithm to capture the structure more perspicuously. Values of the other
parameters of TRN (λ, the step size ε, and the threshold value of edge’s ages T )
can be the same as proposed by Martinetz & Schulten [20].
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Besides the visualization of the data structure, the nodes of TRNMap also
visualizes the high-dimensional information by the use use of the component
plane representation. A component plane displays the value of one component
of each node. If the input data set has D attributes, the Topology Representing
Network Map component plane includes D different maps according to the D
components. The structure of these maps is the same as the TRNMap map, but
the nodes are represented in greyscale. White color means the smallest value,
black color corresponds to the greatest value of the attribute. By viewing several
component maps at the same time it is also easy to see simple correlations
between attributes. Because nodes of TRNMap can be seen as possible cluster
prototypes, TRNMap can provide the basis for an effective clustering method.

4 Application Examples

Three examples are now used to demonstrate the applicability of the proposed
algorithm. The first example is based on the Swiss roll data set, widely used
in the related literature (e.g. [17,29]). The other two examples are based on
real clustering problems coming from the UCI Repository of Machine Learning
Databases (http://www.ics.uci.edu). The second example deals with the visual-
ization and clustering of the well-known wine data set. The third example shows
the result of the mapping process on the Wisconsin breast cancer database.

To compare TRNMap with its alternatives several combinations of vector
quantization, distance calculation, and mapping algorithms have been studied.
As vector quantization the well-known k-means and neural gas algorithms were
used. The distances were calculated based on either Euclidean norm (Eu) or
graph distance. Although the graph distance can be calculated based on the
graphs arising from the ε-neighboring, k-neighboring or the Topology Repre-
senting Network, only the two last methods (knn with k=3 and TRN) have
been applied, since the ε-neighboring method is very sensitive to the data den-
sity. As dimensionality reduction method the MDS and the Sammon mapping
have been applied. The Sammon mapping was applied without initialization
(Sammon) and with initialization based on the MDS (Sammon mds), where the
result of the MDS algorithm serves the initial projection of the data.

Three quantitative measures are used to evaluate the different mapping meth-
ods on comparable grounds. The firs measure evaluates the Sammon stress func-
tion (1). Since mappings often utilize MDS as dimensionality reduction method,
the second quantitative measure evaluates the MDS stress defined as follows:

1
N∑

i<j

d∗2i,j

N∑

i<j

(
d∗i,j − di,j

)2
, (8)

where d∗i,j denotes the distances between the data points or representatives to
be projected, and di,j respectively for the mapped objects. The third measure is
based on the residual variance defined as:

1 − R2(D∗
X ,DY ), (9)
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where DY denotes the matrix of Euclidean distances in the low-dimensional
output space (DY = [di,j ]), and D∗

X , D∗
X = [d∗i,j ] is the best estimation of

the distances of the data to be projected. R is the standard linear correlation
coefficient, taken over all entries of DY and D∗

X . When the examined methods
utilize a geodesic or a graph distances to calculate the pairwise dissimilarities
of the objects in the high-dimensional space the value of the dissimilarities of
these objects (d∗i,j) are also calculated based on this principle. The values of
di,j denote the Euclidean distances of the objects in the low-dimensional output
space in all cases.

4.1 The Swiss Roll Data Set

The Swiss roll data set (Fig. 2(a)) is a 3-dimensional data set with a 2-dimensional
nonlinear embedded manifold. In this example the Swiss roll data set contains
2000 data points. Linear mapping algorithms, such Principal Component Anal-
ysis do not come to the proper results (Fig. 2(b)), because of the 2-dimensional
nonlinear embedding. As can be seen in Fig. 2(c) the nonlinear CCA is also not
able to uncover the real structure of the data. Figure 2(d) shows that Isomap
finds the structure of the 2-dimensional embedded manifold. Figures 2(e) and (f)
show the result of the CDA algorithms (the number of the representatives is 200
and the neighboring graph was calculated based on the k-neighboring approach
with k=3). The results of the CDA algorithm were calculated with two different
vector quantization methods. Figure 2(e) shows the result of the CDA based on
the k-means VQ, and Fig. 2(f) shows the result obtained by the use of the neural
gas vector quantization. It can be seen that the CDA algorithm can not uncover
the structure in all cases.

In the following let us have a closer look at the result of the proposed Topol-
ogy Representing Network Map algorithm. For more compact representation
the number of the output nodes in this case was chosen to be n = 200. The
parameters of the TRN algorithm were tuned according to the rules presented
in [20]: λ(t) = λi(λf/λi)t/tmax and ε(t) = εi(εf/εi)t/tmax , where λi = 0.2n,
λf = 0.01, εi = 0.3, εf = 0.05 and tmax = 200n. Unlike to the suggested formula
(T (t) = Ti(Tf/Ti)t/tmax), the threshold of the maximum age of the edges was
always kept on Ti = Tf = 0.1n during the whole running time.

The Topology Representing Network of the Swiss roll data is shown in Fig.
3(a) (Step 2 - Step 4). Figure 3(b) shows the 2-dimensional TRNMap of the
Swiss roll data set. It can be seen that the Topology Representing Network Map
algorithm is able to uncover the embedded 2-dimensional manifold. Both TRN-
Map and Isomap algorithms are able to disclose the structure of the manifold,
but the TRNMap algorithm gives more compact representation. Moreover, when
the parameter k (or ε) is not properly selected, Isomap fails to uncover the real
structure of the data. If these parameters are too small the resulting graphs are
unconnected, so multidimensional scaling is not executable on the whole data
set. Contrary, when these parameters are too big, Isomap cannot uncover the
real data structure.
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(a) The 3-dimensional Swiss roll data
set
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(b) 2-dimensional PCA projection of
the Swiss roll data set
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(c) 2-dimensional CCA projection of
the Swiss roll data set
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(d) 2-dimensional Isomap projection of
the Swiss roll data set
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(e) 2-dimensional CDA projection of
the Swiss roll data set with k-means
VQ
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(f) 2-dimensional CDA projection of
the Swiss roll data set with NG VQ

Fig. 2. The Swiss roll data set and its PCA, CCA, CDA and Isomap projection
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(a) The TRN of the Swiss roll data set
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Fig. 3. The TRN and the TRNMap of the Swiss roll data set

Table 1. The values of the Sammon stress, MDS stress and residual variance of different
algorithms on the Swiss roll data set

Algorithm Sammon stress MDS stress residual variance

kmeans-Eu-MDS 0,05088 0,20743 0,22891
kmeans-Eu-Sammon 0,050837 0,2132 0,242
kmeans-Eu-Sammon mds 0,049968 0,20931 0,23268
kmeans-knn-MDS 0,0021229 0,00090904 0,0032618
kmeans-knn-Sammon 0,0077129 0,0044013 0,015745
kmeans-knn-Sammon mds 0,0019803 0,00097396 0,003475
NG-Eu-MDS 0,058255 0,049412 0,26781
NG-Eu-Sammon 0,057581 0,05104 0,27613
NG-Eu-Sammon mds 0,057163 0,050242 0,27169
NG-knn-MDS 0,0020823 0,00085883 0,003066
NG-knn-Sammon 0,0039808 0,0024227 0,009162
NG-knn-Sammon mds 0,0039215 0,0023683 0,0089164
TRNMap1 (TRN+MDS) 0,0014528 0,00062888 0,0022373
TRNMap2 (TRN+Sammon) 0,010487 0,0049348 0,015857
TRNMap3 (TRN+Sammon mds) 0,0013435 0,00067616 0,0023464

For the comparison the TRNMap was also calculated with all three mapping
possibilities. The errors of all projections can be seen in Table 1.

Table 1 shows that the mappings based on the Euclidean distance are not able
to uncover the structure of the data because of the nonlinear embedded manifold.
On the other hand, it can be seen that the initialization of the Sammon mapping
with the result of the MDS improves the mapping quality of the mapping. When
the distances are calculated based on a graph, the MDS results in better map-
ping quality than the Sammon mappings. The best mapping results are given by
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(a) The kmeans-knn-MDS mapping of
the Swiss roll data set
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(b) The NG-knn-MDS mapping of the
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Fig. 4. Different mappings of the Swiss roll data set

the kmeans-knn-MDS, NG-knn-MDS and TRNMap1 algorithms (see Fig. 4 and
Fig. 3(b)). Comparing all methods it can be seen that the TRNMap1 outperform
all other methods.

From the methods presented in the Sect. 1.3 the method CDA is the most
closely related algorithm to the TRNMap based on the following three reasons:
(i) both methods utilizes vector quantization, (ii) both methods utilize graph
distances to compute the dissimilarities of the representatives and (iii) both
methods use metric dimensionality reduction methods. To compare the results
of these methods see Fig. 2(e), Fig. 2(f), Fig. 3(b) and Table 2. Based on the
previously made observation the CDA algorithm was initialized with the result of
the MDS algorithm. Both the graphical representations and the error measures
point out that TRNMap outperforms the CDA algorithm.

Table 2. The values of the Sammon stress, MDS stress and residual variance of the
CDA and the TRNMap algorithms on the Swiss roll data set

Algorithm Sammon stress MDS stress residual variance

kmeans-CDA 0,0028834 0,0020072 0,0049501
NG-CDA 0,079221 0,05667 0,20326
TRNMap1 (TRN+MDS) 0,0014528 0,00062888 0,0022373

The visualization of the Topology Representing Network Map also includes
the construction of the component planes (Step 5). The Topology Representing
Network Map ordered component planes are shown in Fig. 5. The largest value of
the attributes of the representatives corresponds to the black and the smallest
value to the white dots surrounded by a grey circle. Figure 5(a) shows that
alongside the manifold the value of the first attribute (first dimension) initially
grows a little, then it decreases to the smallest value, after that it grows to the
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highest value, and finally it decreases a little. The value of the second attribute is
invariable alongside the manifold, but across the manifold it changes uniformly.
The third component starts from a middle value and grows a little, then it falls
to the smallest value, and finally increases to the highest value. The degree of
the changes in all three cases is uniform.
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(c) Dimension 3

Fig. 5. Component planes of the Topology Representing Network Map of the Swiss
roll data set

4.2 Visualization of Real Data Sets

In this subsection two real problems are considered. In all two cases λ, ε and
tmax parameters were set to the values presented in Section 4.1. The tuning
of the parameter age of the edges is shown in the following. On the Topology
Representing Network Map and on its component maps the class labels are also
presented in all two cases. The representatives are labeled based on the principle
of the majority vote: (1) each data point is assigned to the closest representative;
(2) the representatives are labeled with the class label occurring in the highest
degree between its data elements.
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Table 3. The values of the Sammon stress, MDS stress and residual variance of the
CDA and the TRNMap algorithms on the wine data set

Algorithm Sammon stress MDS stress residual variance

kmeans-CDA 0,05035 0,029662 0,084369
NG-CDA 0,016299 0,0083896 0,031398
TRNMap (TRN+MDS) 0,0079656 0,0033589 0,011283
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(c) Tf = 0.05n

Fig. 6. Topology Representing Network Maps of the wine data set with 35 nodes and
with different values of Tf

The wine database consists of the chemical analysis of 178 wines from three
different cultivars in the same Italian region. Each wine is characterized by 13
continuous attributes, and there are three classes distinguished. The number of
the representatives was chosen to be n = 0.2N . It means 35 nodes in this case.
The data seems relatively diverse because the maps resulted by the multiple runs
are more different. The effect of the change of the parameter Tf is shown in Fig. 6
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(a) The kmeans-CDA representation of
the wine data set with MDS initializa-
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Fig. 7. Different representations of the wine data set based on the NG VQ
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Fig. 8. Complete Topology Representing Network Map representation of the wine data
set

(other parameters were chosen the same as in the previous example). It can be
seen that the deletion of edges produces smoother graphs.

For the comparison the CDA algorithm has been also applied on this data set.
The best result of the CDA algorithm applying the k-neighboring approach was
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(b) kmeans-knn-MDS projection of
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Fig. 9. Different visualizations of the Wisconsin breast cancer data set

given with k = 3 (Fig. 7(a) and Fig. 7(b)). The class labels in these figures are
the same as in Fig. 6. The CDA mapping was initialized with the result of the
MDS algorithm, and the error measures for the TRNMap were calculated for
the parameter setting Tf = 0.15n. Table 3 shows the numerical evaluation of the
algorithms. It can be seen that the TRNMap indicate the best mapping quality.
The component planes of TRNMap with Tf = 0.15n are shown in Fig. 8.

The Wisconsin breast cancer data base is a well known diagnostic data
set for breast cancer compiled by Dr William H. Wolberg, University of Wis-
consin Hospitals [18]. This data set contains 9 attributes and the class labels for
the 683 instances (16 records with missing values were deleted) of which 444 are
benign and 239 are malignant. The number of the nodes in this case was reduced
to n = 70. The results of the several runs seem to have drawn a fairly wide par-
tition and a compact partition. The resulting Topology Representing Network
Maps with 70 nodes are shown in Fig. 9(a). For the comparison we have also
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Table 4. The values of the Sammon stress, MDS stress and residual variance of the
different mapping algorithms on the Wisconsin breast cancer data set

Algorithm Sammon stress MDS stress residual variance

kmeans-knn-MDS 0,027987 0,019241 0,074187
NG-knn-MDS 0,017252 0,010299 0,039967
TRNMap (TRN+MDS) 0,011065 0,0059399 0,021162
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Fig. 10. Complete Topology Representing Network Map representation of the Wiscon-
sin breast cancer data set

run the kmeans-knn-MDS (Fig. 9(b)) and the NG-knn-MDS (Fig. 9(c)) algo-
rithms on this data set. The number of the representatives in these cases was
also chosen to n = 70 and the neighborhood graph was established based on the
k-neighboring approach with parameter setting k = 3. In these figures the repre-
sentatives of the benign class are labeled with circle markers and the malignant
class is yielded with triangle markers. Table 4 shows the numerical evaluation of
the mappings. The efficiency of the proposed TRNMap algorithm in this case is
also confirmed by the error values. The complete TRNMap visualization of the
Wisconsin breast cancer data set is shown in Fig. 10.

5 Conclusion

This paper introduced a new tool for the visualization of the hidden structure of
high-dimensional data sets. It has been shown (1) if low-dimensional manifolds
exist in the high-dimensional feature space of the data set algorithms based on
geodesic (graph) distance should be preferred over classical Eucledian distance
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based methods. (2) Among the wide range of possible approaches graphs ob-
tained by Topology Representing Networks are the best suitable to approximate
this low-dimensional manifold. (3) Multidimensional Scaling (MDS) is an effec-
tive method to form a low-dimensional map of the TRN based on the calculated
graph distances. (4) Sammon projection is sensitive to the initial map of the
graph, so it should be used only to fine tune the mapping obtained by MDS.

The resulted Topology Representing Network Map can be seen as an im-
provement of Isomap in the following viewpoints: (5) TRNMap is able to map
such data sets also that are located far away from each other (multi-class prob-
lems); (6) by the applied vector quantization method the computational cost of
the mapping is significantly reduced; (7) the resulting representatives provide
excellent facilities for further data exploratory analysis, such as clustering or
classification; (8) TRNMap is less sensitive noise and outliers in the data. Com-
paring the TRNMap and the CDA algorithms, it can be seen that TRNMap
utilizes more efficient calculation of the graph distances than CDA.

Synthetic and real life examples have showed that Topology Representing
Network Map utilizes advantages of several dimensionality reduction methods
so that it is able to give a compact representation of low-dimensional manifolds
nonlinearly embedded in the high-dimensional feature spaces.
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References

1. Bauer, H., Villmann, T.: Growing a hypercubical output space in a self-organizing
feature map. IEEE Transactions on Neural Networks 8(2), 218–226 (1997)

2. Bernstein, M., de Silva, V., Langford, J.C., Tenenbaum, J.B.: Graph approxima-
tions to geodesics on embedded manifolds. Technical report, Stanford University,
Stanford (2000)

3. Borg, I., Groenen, P.: Modern Multidimensional Scaling: Theory and Applications.
Springer, New York (1997)

4. Comon, P.: Independent component analysis: A new concept? Signal Process-
ing 36(3), 287–317 (1994)

5. Demartines, P., Herault, J.: Curvilinear Component Analysis: A Self-Organizing
Neural Network for Nonlinear Mapping of Data Sets. IEEE Trans. Neural Net-
works 8(1), 148–154 (1997)

6. Dijkstra, E.W.: A note on two problems in connection with graphs. Numerical
Mathematics 1, 269–271 (1959)
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