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1 Introduction

Although the concept of Industry 4.0 has influenced how production and as-
sembly lines are designed and managed [44], they are still typical flow-oriented
manufacturing processes [5]. The benefit of Industry 4.0 in common applied
lean production could result in a worry-free productivity [33].

A Simple Assembly Line Balancing Problem (SALBP) assigns n tasks to m
stations such that the following constraints are satisfied [10]. (1) Each task is
assigned to exactly one workstation; (2) the sum of task times of any worksta-
tion should be less or equal to the cycle time C; and (3) precedence relations
between tasks must not be violated [16]. There are two important variants of
this problem. SALBP-1 (or Type-1) aims to minimise m for a given C, while
in the case of SALBP-2 (or Type-2) the goal is to minimise C for a predefined
m [5,18,47].

In the case of traditional assembly line balancing, deterministic task times
are assumed. Moodie and Young were the first to apply stochastic task times
as independent normally distributed variables and assign the tasks to obtain a
completion time for each workstation smaller than C with a given probability
[37]. The SALBP-1 with normal, Poisson, gamma and binomial distribution-
based task times was formulated in [25]. Such models were optimised by pref-
erence order dynamic programming in [36]. Exponential, gamma, normally,
uniformly and Weibull distributed task times were also utilised [39] in the ex-
tended COMSOAL heuristic method [2]. Another approach is to trace back
the stochastic times to discrete values by defining T ′j as a safety factor such
that task time Tj does not exceed T ′j with a certain probability [5]. One can
transform Poisson, gamma, binomial, negative binomial, chi-squared and nor-
mal distributions to their discrete versions such that they are equivalent to
the given proportion α according to [48]. Task times were also represented by
triangular fuzzy numbers (TFN). In this case, a genetic algorithm was used to
solve both the SALBP-1 [50] and SALBP-2 [51] problems.

The exhaustive classification of SALBPs shows [8] that most of the so-
lutions are based on dynamic programming (DP) [6]. The first DP-based
SALBP-1 was published in 1962 [19,20]. DP was also used in [32] to optimise
the deterministic SALBP-1 [27]. The heuristic extension of the DP resulted
in the Bounded Dynamic Programming approach to line balancing [4]. For
stochastic SALBP-1 [11] an optimal solution under a certain mild condition is
guaranteed by using the algorithm of Held et al. [20] and Kao [25]. Schrage and
Baker also extended the stochastic version of this algorithm [26]. The method
proposed by [20] was extended to SALBP-2 both in the terms of deterministic
and stochastic interpretation in [21].

Most of the stochastic approaches deal with normal distributions since it
is easy to aggregate the related random variables. The main drawback of this
approach is that task times mostly follow asymmetric distributions, so the
results provided by these models are not realistic. Since the development of a
flexible and accurate algorithm was desired, a methodology based on empirical
task-time distributions was developed. The main benefit of this approach is
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that the sum of the stochastic task times can be easily calculated based on
the convolution of the discrete distribution functions [9,15].

The Simple Assembly Line Balancing Problem is a NP-hard problem. This
challenge explains why numerous meta-heuristic approaches like simulated an-
nealing [43,49] and tabu search [12] have been applied. Hybrid heuristic op-
timisation [13], recursive dynamic programming [17], and chance-constrained
integer programming [1] have also been applied for balancing U-shaped pro-
duction lines. To solve stochastic SALBP-2 problems a bidirectional heuristic
algorithm [34] and a simulated annealing algorithm were used [49]. Heuristics
based on the estimation of the lower bounds [14], such as Jackson’s domi-
nance rule [23], are commonly used [40], while the waiting and cycle times
were approximated in [38].

To deal with the complexity of the problem, a two-stage optimisation pro-
cedure was developed. A simulated annealing algorithm to generate feasible
task sequences is proposed. The resultant sequences serve as the input of the
DP-based task assignment optimisation. During the optimisation, the sums of
the stochastic task times are calculated by convolution. In the paper, several
examples will demonstrate that the resultant method is capable of solving the
installing, operating and profit-oriented SALBP-2s to minimise cycle times,
the EPALBP [41] to maximise the efficiency of the assembly line, and the
cost-oriented SALBP-E model [8] to maximise the smoothness of the line.

In the following section, the basic notation of SALBP is introduced. Then,
the stochastic version of the problem and the concept of the proposed method-
ology is presented. This section contains the details of the summation of the
empirical distributions, and the developed dynamic programming and simu-
lated annealing-based solutions. In Section 3 the studied problems are intro-
duced, our methodology involving a Monte-Carlo simulation validated and the
results evaluated. The last part of the article deals with the sensitivity analyses
of the stochastic line balancing problems.
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2 EWSD for stochastic assembly line balancing

In this session, the theoretical background of the proposed Empirical Working
time distribution-based line balancing with Simulated annealing and Dynamic
programming (EWSD) method is presented. The section contains the formal-
isation of the deterministic and stochastic SALBPs, and the details of the
developed EWSD methodology including the usage of convolution, dynamic
programming and simulated annealing.

2.1 Formulation of the Simple Assembly Line Balancing Problem

SALBP assigns the set of j = 1, . . . , n tasks V = {1, 2, . . . , n} to the set of
m workstations k = 1, 2, . . . ,m. The result of the assignment is represented
by Sk sets containing the ordered set of tasks assigned to the workstation k.
The line balancing is based on the calculation of the sum of the task times
Tj assigned to the workstations, T (Sk) =

∑
j∈Sk

Tj . The maximum of these
times gives the cycle time of the assembly line, C = maxk T (Sk).

Since the utilisation (efficiency) of a workstation is E(Sk) = T (Sk)/C, the
utilisation of the whole assembly line can be calculated as:

E =
Tsum
mC

, (1)

where Tsum represents the theoretical lead time, Tsum =
∑
j Tj . The worksta-

tion with highest utilisation is the bottleneck of the assembly line.
Besides this utilisation the balance of the line is also important. This bal-

ance can be measured based on the idle times, IT (Sk) = C − T (Sk) with the
smoothness index [37]:

SX =

√√√√ m∑
k=1

(C − T (Sk))2. (2)

The objective functions of different types of SALBP [42] can be defined as:

SALBP-1: minimise m, while C is given
SALBP-2: minimise maxk(IT (Sk)) and C, while m is given
SALBP-E: maximise E, while C and m are given
EPALBP: minimise SX, while m is given

2.2 Stochastic Simple Assembly Line Balancing Problem

In stochastic SALBP the task times Tj and station times T (Sk) are indepen-
dent random variables [25,39,48]. Discrete empirical probability density func-
tions (PDF), cumulative distribution functions (CDF) and survival functions
were used to describe the task times.
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fj(t) = Pr(Tj = t) probability density function of task j
Fj(t) = Pr(Tj ≤ t) cumulative distribution function of task j
Sj(t) = Pr(Tj > t) = 1− Fj(t) survival function [28] of task j

Since task times are considered as discrete positive variables and the sum
of the PDFs is equal to one, the cumulative distribution is calculated as:

L∑
t=1

fj(t) = 1 , (3)

Fj(t) =

t∑
tz=1

fj(tz) (4)

where L represents the maximum time period covered by the distribution
functions.

In deterministic models the station times are calculated as the sum of the
assigned task times:

T (Sk) =
∑
j∈Sk

Tj . (5)

When the stochastic nature of the process should be effectively handled
discrete convolution of the density functions of the tasks has to be applied to
calculate the distribution of the station time [16,25,26]:

fi+j(t) = (fi ∗ fj)(t) =

L∑
tz=1

fi(tz)fj(t− tz) (6)

The tasks are sequentially performed. P = (p1, p2, . . . , pn) is used to rep-
resent the order of the tasks. The convolution of the PDFs of tasks P(i:j) and,
therefore, Sk can also be calculated also with fP(i:j)

(t) = (fpi∗fpi+1
∗· · ·∗fpj )(t).

Thus, one can define the probability that a workstation finishes its work by
time t according to Eq. 7:

FSk
(t) =

t∑
tz=1

fSk
(tz) (7)

With an initial confidence level, e.g. α = 0.9 or 90%, the expected finishing
time Tα(j) of task j can be determined by Eq. 8:

Tα(j) = min(t|Fj(t) > α, t ∈ [1, L]) (8)

In a similar fashion to Eq. 8, the expected finishing time for station k,
Tα(Sk), or for a subsequence P(i:j), Tα(P(i:j)) can also be calculated. With
this, the cycle time for a given confidence level α, C = maxSk

Tα(Sk) can be
calculated. By following this approach the stochastic efficiencies of workstation
k (Eq. 9) and the assembly line (Eq. 10) can also be determined:
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Es(Sk) = Tα(Sk)/C (9)

Es = Tα(P )/mC (10)

Moreover, for a predefined α, one can determine the idle time IT s(Sk) of
workstation k in the form of Eq. 11:

IT s(Sk) =

C∑
t=1

FSk
(t)t (11)

The stochastic version of the smoothness index SXs(Sk) of workstation k
as introduced in Eq. 12 and visualised in Fig. 1 is defined as:

SXs(Sk) =

C∑
t=1

FSk
(t)t+

L∑
t=C+1

(1− FSk
(t))t (12)

1

C t

FSSk
SXs(Sk) = A1 + A2

A2

A1

Fig. 1 Visualisation of the smoothness index in terms of stochastic task times.

The smoothness index of the stochastic assembly line can be given accord-
ing to Eq. 13:

SXs =
∑
Sk

|SXs(Sk)| (13)

Consequently, in the case of stochastic task times the objective function of
SALBP-2, SALBP-E and EPALBP are given as:

SALBP-1: minimise m, while C and α are given
SALBP-2: minimise maxSk

(IT s(Sk)) and C, while m and α are
given

SALBP-E: maximise Es, while m and α are given
EPALBP: minimise SXs, while m and α are given
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The CDF Fj(t) represents the probability that task j is completed within
a given time. Similarly, FSk

(t) represents the probability distribution of the
workstation time. The probability of the workstation activity is also important
with regard to line balancing. As the survival function S(t) = 1− F (t) shows
the uncertainty of the completion time, the real in-progress probability S′Sk

(t)
of the workstation should be calculated based on the completion time of the
previous task (Fig. 2):

S′Sk
(t) = SSk

(t)− SSk−1
(t). (14)

2.3 Precedence graph representation of dependent tasks

Most of the tasks depend on other tasks, i.e. the completion of a task is a
precondition for the start of another. Thus, Sk must satisfy some condition
and cannot be entirely arbitrary. In SALBP, the precedence graph is used to
represent these dependencies [5,22,45]. This problem is illustrated in Fig. 3
that shows a problem from a well-known example by Jackson [23], with n = 11
tasks, where task 7 requires tasks 3-5 to be completed directly (direct prede-
cessor), and task 1 indirectly (indirect predecessor). The precedence graph can
be described with matrix M(i, j), i, j = 1, 2, . . . , n, where M(i, j) = 1 if task
i is the direct predecessor of task j, otherwise, it is 0.

Since the tasks cannot be performed in parallel, the precedence graph de-
fines a partially ordered on V . The most important question is whether a
permutation P = (p1, p2, . . . , pn) of V is feasible or not according to the
precedence constraint. This equivalent to the condition that the sequence
P : {1, 2, . . . , n} → V is order-reflecting.

Based on the M∗ transitive closure of M , P is feasible if M∗(pj , pi) =
0,∀i, j, i < j, otherwise, P is infeasible. A subsequence (pi, pi+1, . . . , pj), where
i < j of P can be defined by P(i:j). For example a feasible sequence P of the
precedence graph in Fig. 3 is P = (1, 4, 3, 2, 5, 7, 6, 8, 9, 10, 11) and P(2:4) =
(4, 3, 2) is a subsequence of P . The sequence P = (1, 4, 3, 5, 6, 7, 2, 8, 9, 10, 11)
is infeasible, since task 6 = p5 precedes task 2 = p7, and M∗(2, 6) 6= 0.

2.4 The proposed EWSD method

The studied stochastic SALBP-2 can be defined as follows:

minimise
P

(minimise
Sk

cost(Sk|P )) (15)

subject to:

M∗(pj , pi) = 0,∀i, j, i < j (16)

P =

m⋃
k=1

(Sk) (17)
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Fig. 2 Example of stochastic time distribution. (a) Histogram of measured task times. (b)
Empirical discrete PDFs fj(t) of task times. (c) PDFs of convolved task times. (d) CDFs
of convolved task times. (e) Convolved in-progress probabilities of task times. (f) Real in-
progress probabilities of task times.

Si ∩ Sj = ∅, i 6= j (18)

Thus, for a given problem that contains n tasks, and requires m operators
and precedence matrix M , a P sequence (Eq. 15) is sought which is feasible
(Eq. 16) and can be divided into m subsequences (Eq. 17-18), such that the
cost is minimal (Eq. 15). The cost can be equal to either C or 1 − Es. To
determine the optimal task assignment of a workstation for a given sequence,
dynamic programming and simulated annealing were used to generate feasible
sequences.
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Fig. 3 Precedence graph of the example problem taken from Jackson [23].

2.4.1 Dynamic programming-based task assignment

Dynamic programming was used to optimise Sk. The efficiency of the algo-
rithm originates from the concept of the memorisation of the subproblems [35].
The algorithm creates a cost matrix of size m× n to store the sub-allocation
problems, as cost(k, pj) stores the optimal cost of the allocation of workstation
k and pj tasks of the sequence P (see Fig. 4):

cost(k, pj) = min(∆1(k, pj), ∆2(k, pj)) (19)

p1 p2 pnpj

w1

we

min

(�1,�2)�2

�1

... ...
...

...

m

k

2

1

Fig. 4 Visualisation of the cost matrix cost(k, pj) = min(∆1(k, pj),∆2(k, pj)) and path
W , that contains assignment Sk.

Eq. 19 shows that the cost(k, pj) is calculated as the minimum of two
options. ∆1 relates to the option when the pj-th task is assigned to a new
operator (the previous pj−1th task was assigned to the k − 1th workstation),
while ∆2 represents the case when the current task extends the task-list of the
actual operator (the previous pj−1th task was assigned to the kth workstation).
Similarly to [46], lower bounds were used to estimate these costs. Two of them
are based on the most widely used lower bounds of cycle time, mC ≥ Tsum and
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C ≥ Tmax, where Tmax = maxj Tj . These bounds were merged as B1(k, pj)
for a given confidence level α as:

B1(k, pj) = max

(
n

max
i=1

Tα(pi),
Tα(P(j:n))

m− k + 1

)
(20)

The minimum time required to allocate the remaining tasks is calculated
by the second bound B2(k, pj):

B2(k, pj) =
n−i+1
min
l=1

(
Tα(P(l:l+i−1))|i = 1 +

⌊
n− j

m− k + 1

⌋)
(21)

∆1 and∆2 are calculated by applying the these two bounds:

∆1(k, pj) = max(cost(k − 1, pj−1), B1(k, pj), B2(k, pj)) (22)

∆2(k, pj) = max(cost(k, pj−1), B1(k, pfk), B2(k, pfk), Tα(P(fk:j))) (23)

where variable fk means the first task of workstation k.
It is important to note that with minor modifications the same algorithm

can be used to maximise the efficiency of the production line.
As Fig. 4 shows, the optimal task - workstation assignment is represented

as a vector, W = (w1, w2, . . . , we), calculated as wi = cost(k, pj), then wi−1 =
argmin(cost(k−1, pj−1), cost(k, pj−1)), where the starting and ending alloca-
tions are w1 = cost(1, 1) and we = cost(m, pn).

2.4.2 Simulated annealing-based sequence optimisation

Dynamic programming generates an optimal assignment based on task se-
quence P . To continuously improve these sequences the DP was embedded
into a simulated annealing algorithm [31].

Two interchangeable neighbouring tasks, pj and pj+1 are swapped in each
iteration of the proposed algorithm to generate a feasible sequence, P i, trigger-
ing the DP to calculate the related optimal cycle time, Ci. The optimal cycle
time for a given temperature Temp is saved as Csub. If Ci < Csub, then the bet-
ter sequence P i and its cycle time Ci are stored. The difference between the re-
sults in iteration i and its sub-solution is represented as ∆ = (Ci−Csub)/Csub.
When a random number is smaller than exp(−∆/Temp), then the sequence
P i and the related cycle time Ci are accepted, although this is not better than
the current solution whose procedure helps to avoid local minima. When the
initially given iterations for a given temperature end, then the temperature
is changed according to a predefined rate τ , Temp = Temp · τ . The whole
algorithm is shown in Algorithm 1.

The initial feasible sequence according to a breadth-first search of the prece-
dence graph is determined by the proposed algorithm and the interchangeabil-
ity of the tasks based on the M∗ transitive closure of M is tested, as when
M∗(pi, pj) = M∗(pj , pi) = 0, then the tasks pi and pj are interchangeable.
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Initialize: Temp = temperature
τ = temperature reduction rate
P 0 = initial feasible sequence
C0 = costofinitialsequenceP 0

CBest = C0 best solution
Csub = C0 best sub-solution
P p = P 0 previous sequence
I = number of iterations
Isub = number of sub-iterations

for i← 1 to I do
for isub ← 1 to Isub do

P i = swap(P p, pj , pj+1) // pj and pj+1 are interchangeable

Ci = cost(P i)

if Ci < Csub then Csub = Ci, P
p = P i ;

else
∆ = (Ci − Csub)/Csub

if random[0, 1) < exp(−∆/Temp) then
Csub = Ci, P

p = P i

end

end
if Csub < CBest then CBest = Csub;

end
Temp = Temp · τ

end

Algorithm 1: Simulated annealing-based sequence optimisation
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3 Results and Discussion

3.1 Descriptions of optimisation problems

The studied SALBPs are summarised in Table 1. The first frequently used
example is Jackson’s deterministic problem [23]. In [25] the task times of this
problem were assumed to be independent normally distributed values. In [21]
a stochastic version of Jackson’s SALBP-1 was studied. Independent normally
distributed task times are also utilised by Nkasu in an SALBP-1 [39]. Another
problem set is the four models of sewing line flows: Pants [30], Sweatshirts
[29], Tights [7] and Trousers [3]. As these works focus on the simulation and
redesign of production lines, these problems were re-formulated as line balances
by defining ten workstations and assigning the tasks to the related operators.

Although the examples were not optimised as SALBP-2s, they were used
to test the proposed EWSD methodology, since both the distributions of task
times and dependency graphs are well defined as realistic case studies.

The dependency graphs of the examples can be seen in Fig. 5.

Table 1 The balancing problems of the studied assembly line

Problem n Distributions Problem Type

Jackson #1 [23] 11 Discrete SALBP-1
Jackson #2 [25] 11 Normal SALBP-1
Jackson #3 [25] 11 Normal SALBP-1
Nkasu [39] 25 Normal SALBP-1
Pants [30] 33 Exponential, Lognormal, Uniform Simulation
Sweatshirts [29] 33 Exponential, Lognormal, Uniform Simulation
Tights [7] 13 Beta, Erlang, Gamma, Lognormal, Pearson 5,

Pearson 6, Weibull
Simulation

Trousers [3] 40 Logistic, Lognormal, Normal,
Uniform, Weibull

Simulation

3.2 Validation of EWSD methodology

Monte-Carlo simulation was used to validate the proposed convolution-based
estimation method. The number of Monte-Carlo simulations was determined
by following the guideline, trMC > 104/1 − p, where p = 0.9 [24]. In Fig. 6,
one can see that EWSD can accurately predict the load of the operators. The
detailed results can be seen in Table 2. In the case of the Tights problem, the
biggest task that possesses a high expected time drastically decreases the line
efficiency.
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Fig. 5 Dependency graphs of example problems.

3.3 Application to benchmark problems

Normally distributed task times are used by the stochastic SALBP-1 [39]. A
confidence level of α = 0.9 was used to compare the assignments of EWSD and
the results of Nkasu et al. Table 3 presents the main performance indicators
of the resultant assignment, while their details are given in Table 4.
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(c) Smoothness Index (r 2=0.99967)

Fig. 6 Results of the Monte-Carlo simulation and EWSD prediction for the eight reference
problems at α = 0.9. The difference between the simulated and predicted cycle times (a),
efficiencies (b) and smoothness indexes (c) are not particularly significant.

Table 2 The results predicted by the proposed EWSD method are validated by the Monte-
Carlo simulation (at a confidence level of α = 0.9).

Problem n m
Predicted Simulated

C Es SXs C Es SXs

Jackson #1 [23] 11 5 11.0 0.8364 19.00 11.0 0.8364 19.00
Jackson #2 [25] 11 7 13.8 0.5528 72.18 14.1 0.5410 75.30
Jackson #3 [25] 11 7 9.4 0.7568 28.95 9.4 0.7553 29.05
Nkasu [39] 25 6 40.9 0.7820 123.48 40.7 0.7858 121.49
Pants [30] 33 10 253.2 0.7047 775.21 253.5 0.7037 778.13
Sweatshirt [29] 33 10 103.4 0.8300 199.75 103.4 0.8291 200.49
Tights [7] 13 8 164.8 0.4157 1031.60 162.2 0.4214 1006.65
Trousers [3] 40 10 267.9 0.6838 888.31 267.9 0.6837 888.82

Table 3 Specific solutions according to EWSD and by Nkasu et al. in terms of the assembly
line.

Solution C Es SXs

Nkasu et al. 38.5 0.82684 101.3606
EWSD 38.5 0.82684 100.8844

According to table 4 the assignments are by and large identical. The differ-
ences appear in the cases of workstations 2 and 3. The cycle times are identical,
only the values of efficiency and smoothness index for workstations 2 and 3
differ. EWSD is validated by these results as it also provides an optimal solu-
tion. Nevertheless, it is intriguing that although the cycle time and efficiency
are identical, the smoothness index is better in the case of EWSD (Table 3).

3.4 Sensitivity analysis of the EWSD methodology

The cycle times, efficiencies and smoothness indexes of the assembly line de-
pend significantly on the parameters m and α. A sensitivity analysis can be
easily conducted on the proposed closed form of the stochastic model. To illus-
trate this applicability, analysis of the problem Jackson #2, where α = 0.50
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Table 4 Workstation specific solutions of EWSD and Nkasu et al.

k Sk (Nkasu et al.) Sk (EWSD)
Nkasu et al. EWSD

Es(Sk) SXs(Sk) Es(Sk) SXs(Sk)

1 {1,2,3,4,8} (1,3,6,2,4) 0.7797 86.77 0.7800 86.59
2 {5,6,9,10} (9,7,11,5,8) 0.7769 88.93 0.7555 95.51
3 {7,11,12,13,14,15} (13,12,10,14,15) 0.6793 123.84 0.7041 114.59
4 {16,17,18} (16,17,18) 0.7014 116.35 0.7014 116.35
5 {19,20,21} (20,21,19) 0.7570 96.67 0.7570 96.67
6 {22,23,24,25} (22,23,24,25) 0.7534 95.60 0.7534 95.60

- 0.95 with increments of 0.05, and workstations consist of k = 2 - 8 with
increments of 1 was elaborated on.
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Fig. 7 The effect of the confidence level and the number of workstations on the performance
measures in case of Jackson #2 problem.

Fig. 7 shows that the cycle times and smoothness indexes are positively
correlated, while the efficiencies are negatively correlated with the confidence
level, as higher confidence levels result in increased idle times. As the number
of workstations increases, the cycle times decrease until the bottleneck effect
of the longest task becomes a factor. After this point (k = 5) the smoothness
index increases significantly.

The optimal assignment of tasks for each α and k pairs is determined by
the EWSD methodology proposed. With these representations of cycle time,
efficiency and smoothness index, designers and process engineers of assembly



16 Daniel Leitold, Agnes Vathy-Fogarassy and Janos Abonyi

lines can be guided to select the optimal number of workstations for the desired
confidence level.

4 Conclusion

To improve the degree of flexibility and the performance with regard to the
assignment of tasks-workstations, a working time distribution-based stochas-
tic line balancing algorithm was proposed. The performance indicators of the
production line based on the convolution of the empirical density distribu-
tion functions of the working times are calculated and the assignment of tasks
and workstations using dynamic programming is optimised by this algorithm.
Since the input of this calculation is a given task sequence, the dynamic pro-
gramming was embedded into a simulated annealing loop that is responsible
for the optimisation of the sequences.

The resultant Empirical Working time distribution-based line balancing
with Simulated annealing and Dynamic programming (EWSD) algorithm was
applied to eight examples. The results were compared with reproducible exam-
ples taken from the literature. According to the results, EWSD yielded better
smoothness indexes, and equal cycle times and efficiencies in the example stud-
ied.

A Monte-Carlo simulation was used to validate our empirical working time
distribution-based calculations. The effect of the number of workstations and
the confidence level on cycle times, efficiencies and smoothness indexes was
also studied. The results confirm that EWSD is not only an excellent tool in
terms of the optimisation of production lines, but with regard to the analysis
of parameter sensitivities as well, and is therefore a valuable tool for process
engineers.
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Abbreviations

SALBP simple assembly line balancing problem
PDF probability distribution function
CDF cumulative density function
DP dynamic programming
SA simulated annealing

Notations

V = {1, 2, . . . , n} set of tasks
k = 1, 2, . . . ,m workstations
Tj deterministic task time of task j, j ∈ V
P = (p1, p2, . . . , pn), pi ∈ V partially ordered sequence of tasks
P(i:j) = (pi, pi+1, . . . , pj) sub-sequence of P , i < j
Sk sub-sequence of tasks assigned to work-

station k
T (Sk) =

∑
j∈Sk

Tj deterministic station time

C = maxk T (Sk) cycle time
IT (Sk) = C − T (Sk) idle time of workstation k
Tsum =

∑
j Tj lead time

Tmax = maxj Tj longest task time

E(Sk) = T (Sk)
C efficiency of workstation k

E = Tsum

mC efficiency of assembly line

SX =
√∑m

k=1(C − T (Sk))2 smoothness index [37]
M(i, j) precedence matrix, 1 if task i precedes

j
M∗ transitive closure of precedence matrix
fj(t), fP(i:j)

(t), fSk
(t) discrete PDF of task j, sequence P(i:j)

and workstation k
Fj(t), FP(i:j)

(t), FSk
(t) discrete CDF of task j, sequence P(i:j)

and workstation k
α confidence level, e.g. 0.9 is equal to 90%
Tα(j), Tα(P(i:j)), Tα(Sk) expected duration of task j, sequence

P(i:j) and workstation k with confidence
level α

Es(Sk) stochastic efficiency of workstation k
Es stochastic efficiency of the line
IT s(Sk) stochastic idle time of workstation k
SXs(Sk) stochastic smoothness index of worksta-

tion k
SXs stochastic smoothness index of the line
Sj(t), SP(i:j)

(t), SSk
(t) in-progress function of task j, sequence

P(i:j) and workstation k.
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S′j(t), S
′
P(i:j)

(t), S′Sk
(t) real in-progress function of task j, se-

quence P(i:j) and workstation k.
cost(k, pj) element of cost matrix that belongs to

workstation k and task pj
B1 first lower bound of cycle time, ex-

pressed in Eq. 20
B2 second lower bound of cycle time, ex-

pressed in Eq. 21
∆1 function calculates the expected cycle

time, if a new workstation is used for
the new task, expressed in Eq. 22

∆2 function calculates the expected cycle
time, if an old workstation is used for
the new task, expressed in Eq. 23

W = (w1, w2 . . . , we) task-workstation assignment path
P i sequence in iteration i
P p previous sequence
Ci cycle time in the case of P i

Csub sub-solution for cycle time
CBest best solution for cycle time
Temp temperature of simulated annealing
τ temperature reduction rate
I number of iterations in simulated an-

nealing
Isub number of sub-iterations in simulated

annealing
∆ difference between Ci and Csub
trMC number of Monte Carlo simulations
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29. Kurşun, S., Kalaoğlu, F.: Simulation of production line balancing in apparel manufac-
turing. Fibres & Textiles in Eastern Europe 17(4), 75 (2009)
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